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Abstract

We construct a simple nonparametric portfolio selectide ty minimizing an
approximation to the empirical shortfall probability ugia smooth sigmoid-shaped
function, and then compare the performance of our rule wighSharpe ratio and
the Portfolio Performance Index. Monte Carlo simulatiomsapplication, and boot-
strap results suggest our method is competitive with exgstiethods, fiering port-
folios with a good balance of expected return, variancewskss, and especially
small shortfall probabilities. Our rule may be of partiaulaterest to fund managers
whose primary concern is minimizing the probability of ie@g a fund return be-
low some predetermined benchmark or target rate.
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1 Introduction and Motivation

Solving the portfolio-selection problem has been an imgdrfocus of research in finance
during the past half century, with numerous strategiesrftglveen proposed. Some patrticularly
popular and useful methods have emerged, most notably na&mnce rules and expected
utility functions. A competing family of methods involvesles that minimize, in various ways,
the probability of realizing a portfolio return below sonmegetermined benchmark (or target)
level of return. Rules derived from this objective are ofteferred to ashortfall methods

Perhaps the earliest and most celebrated of these shaontttlods is the Safety First (SF)
principle of Roy [1952], revisited by Hanssmann [1968] anchynathers. The semi-variance
methods of Markowitz [1970] and the lower partial-momentmoels of Bawa [1976, 1978]
likewise build on the notion of minimizing the chance of re@g a return below some pre-
determined benchmark. Related to these approaches is thedS@tio (see, for example,
Sortino and Price [1994]) which is a version of the Sharpie (&R) (see, for example, Sharpe
[1994]) that penalizes only downside risk. Others, such aanGh2001], have demonstrated
the usefulness of downside-risk methods in real-estatd#gtiormanagement. Still others,
such as Browne [1999], have proposed dynamic shortfallebashods that focus on beating
a benchmark by a predetermined percentage. Recently, 5[a@#] proposed the elegant
Portfolio Performance Index (PPI) rule, which is based oximeing the decay rate of the
shortfall probability:

The now common notion of Value-at-Risk builds on the shdrntfation by quantifying how
exposed a financial position is to a given percentage lossf@eexample, Jorion [2000]. Sim-
ilar to Value-at-Risk is the novel (and somewhat under @djzConditional Value-at-Risk (see,
for example, Rockafellar and Uryasev [2000], or Krokhmallef2902]), a portfolio selection
rule that has a coherent measure of risk relative to expeatesize, convexity, andf&ciency

frontiers. The advantages of Conditional Value-at-Risk amigly offset by the nondieren-

THaley and Whiteman [2008] developed a closely-related ruledGeneralized Safety First” (GSF). When net asset retame inde-
pendent and identically-distributed (1ID), GSF is equérglto the PPI of Stutzer [2000]; when the logarithm of grasseareturns are 11D,
GSF is equivalent to the Decay Rate Maximizing Portfolio aft&er [2003]. Net IID returns are used below, so in this centeP| and GSF
are interchangeable terms, but the analysis can be exteadbd bogarithm of gross returns if desired. The interesezdler is referred to
these papers for complete descriptions of these methods.



tiability of the objective function, which make high-dinmgan problems time consuming to
solve. Lim et al. [2008] have, however, suggested ways telacate the optimization process,
but most ways to do this are rather sophisticated and mangftire, be inaccessible to prac-
titioners. Our approach, as we shall demonstrate belovwmgls, diferentiable, and can be
solved very quickly—even when the number of assets is qaiteel—using nothing more than
a basic solver, such those found in spreadsheets, like Excel

While using the shortfall probability as the basis for pditfeelection has many proponents
across various areas of risk management, it is not withsutitics. For example, Bodie [1995]
has highlighted potential drawbacks with the zero-onefiasstion implied by shortfall-based
decisions: shortfall-based rules focus on the probalwfifalling below a benchmark, ignoring
the magnitude of such a fall; in addition, shortfall-basel@s fail to weigh the magnitude by
which the portfolio return may exceed the benchmark. Howenehe case of normal returns,
when the benchmark is set equal to the risk-free rate, stlontiethods (such as SF and the
PPI) recommend the same portfolio as “nonshortfall” meth@dch as the SR and the familiar
negative exponential utility model). Moreover, even aidgsihe normal family, minimizing SF
is equivalent to maximizing the SR. Thus, the behavioralamobf shortfall minimization is
actually more common and has been more influential than itapagarf

Other researchers (such as Fishburn [1977], Benartzi an@fmi&95], and Rabin [1998])
have proposed behavioral foundations similar to the notibshortfall aversion—e.glpss
aversion

One additional defense of shortfall-based methods is tegt &re rarely based on threie
shortfall probability; instead, proxies for the shortfptbbability are used, which often map
into richer decision environments than those implied bgdicalculation of the true shortfall
probability. In fact, Stutzer [2000] has provided a goodragée of this phenomenon.

In this paper, we construct a simple nonparametric poafdiection rule by minimizing an
approximation to the empirical shortfall probability wedhe complementary Heaviside func-

tion, within the empirical shortfall probability, is appiionated by a smooth sigmoid-shaped

2|n fact, Markowitz [1999] has referred to Roy’s shortfaided SF rule as a “tremendous contribution” and wrote (p.@i the basis of
Markowitz (1952), | am often called the father of modern paitf theory (MPT), but Roy (1952) can claim an equal sharénisf honor.”



function. In the next section, we review shortfall-basedfptio selection, and lay the ground-
work for the smoothing method (SM) presented in sectioneth8mulations results based on
mixtures of bivariate normal densities are presented itigetour, while results for an higher-
dimensional application are presented in section five. ttige six, we summarize our work

and conclude with a discussion of topics for future research

2 Portfolio Selection: Details of Shortfall Methods

Consider a universe ™ assets having returnR{, R,, ..., Ry). Introduce the portfolio weights

(Wy, W, ..., Wy), denoting this vector bw. Define the portfolio return as

N
R(w) = anRn.
n=1

The notatiorR(w) makes plain the dependence of the portfolio return on teovev. Central

to this discussion is the shortfall probability
Pr[R(w) < d]

whered is the benchmark rate of return. The shortfall probabilgysimply the area in the
lower tail of the probability density function &(w), to the left ofd in figurel 1.
All portfolio selection rules focus how best to choose In this case, the corresponding

population decision problem is
d
min Pr[R(w) < d] = min f f[R(w)] dR(w) (2)
w w —o0

subject to the usual wealth exhaustion constéiAs in the extant literature, we assume that
the joint distribution of returns is such that problem (1% laavell-defined solution.
While (1) is an intuitively appealing statement of the ineg'stdecision problem, for a vari-

ety of reasons (such as being able to derive the probabéigitl functionf(-) from the joint

3The wealth exhaustion constrairﬁ,ﬂ“=1 wn = 1, is implied, but suppressed for notational parsimony thhoug the remainder of the
paper. Also, short positions are permitted, but all the asigigone here can be adapted to the case of no shorting iédesir



Figure 1: Shortfall Probability

fIR(w,)]

d

*Different choices oi induce diterent portfolio return distributions, as illustrated hieyehe distinct
weight vectorsw, andwy,. Within the shortfall family, the goal is to find the that produces the
smallest probability (area) below the benchmark



density of returns), this problem is rarely solved direatiya portfolio selection environment.

A common alternative is the corresponding finite-sampl®iemm

1y
i 3 2 M RO (2)

where

N
R(W) = > WoRy.
n=1

Here, the complementary Heaviside function is defined as

1 if R(w) < d,
Hry =11 if R(w) = d,
0 if R(w) > d.

Note that the standard definition of the Heaviside functias i rising from left to right; the
complementary version used here falls from left to right.

Under fairly general conditions concerning the data-gatngy process of returns, one can
invoke some variant of the Glivenko—Cantelli theorem to arthat the solution to (2) will
converge in probability to the solution to (1) &s— 0. However, solving (2) is not without
complications. For examplé{r, is nondiferentiable, which means that standard derivative-
based optimization methods cannot be used to isolate timaapiortfolio.

A common way to circumvent this fliculty involves constructing anpper boundon the
true shortfall probability; this strategy was used by Royg2Pand Stutzer [2000, 2003] as
well as Haley and Whiteman [2008].

Another strategy to overcome the nofiidientiability of the complementary Heaviside func-
tion (albeit a brute-force one) involves discretizimgforming a sample portfolio-return distri-
bution for each discrete vector of weights, computing thatsall probability for that sample
portfolio, and then finding the one(s) having the smallegpiecal shortfall probability. While

this strategy is certainly feasible whéhis small (such as in the allocation of tillable land to



Figure 2: Three Candidate Smoothing Functions
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a small number of crops), it fiiers from the curse of dimensionality whéhis even moder-
ately large, say ten. Also, uniqueness cannot be guarantedetr such a strategy. Thus, in
general, discretizingv is an impractical strategy to solve EQ)However, more sophisticated
“global” algorithms, such as simulated annealing or genaigorithms could be explored as
possible ways to solve (2Xfectively, but doing so is not the purpose of this paper. Ouat-st
egy is quite diferent: to solve a close approximation to (2) that is not NRHHzand which,
therefore, circumvents the curse of dimensionality. Smadly, we proceed by replacing the

complementary Heaviside function with a smootiigtentiable) approximation.

3 Smoothing Approach

Our smoothing method derives from the simple and intughagdpealing notion of approxi-

mating the sharp-cornered complementary Heaviside fom¢hiat appears in (2) by a smooth

4In the presence offiective pruning strategies, this solution method is traetdbt smallN in the no-shorting case, but if shorting is
permitted the problem becomes extremely computationally siteneven for smalN.



function. This intuition is illustrated in figure| 2, which plets the complementary Heavi-
side function and three candidate smoothing functionsdasethe logistic, type | extreme-
value, and type Il extreme-value cumulative distributiondtions. By an appropriate choice of
smoothing function, a researcher can recover a portfofibdlosely approximates the portfolio
that would have obtained by direct minimization|of (2).

Defining a smoothing function is relatively straightfongddrecause many functions have

the standard Heaviside function as a limit. For examplesrgsmoothing parametar both

1
1+ expR/h) 3)
and
exp[-exp-Ri/h)] (4)

approach the Heaviside function hs— 0. After experimenting with numerous candidates,
we found that dierent smoothing function weigh moments of the return preckfgerently,
which in turn influences their finite sample behavior. The sthimg function we settled on
derives from((4), but must be modified to fifr). The reader will note that (3) is the logistic
cumulative distribution function, while (4) is a transfaation of the extreme-value (Gumbel)
cumulative distribution function. Note, too, that, excépt h, both (3) and/(4) correspond
to “parameter-less” probability laws, which simplifies ttierivation and presentation of the
smoothing approach.

In econometrics, a standard practice is to use asymptaiidtseas approximations in finite-
sampled applications. Here, we do the reverse: we stop shdine asymptotic limit (the
complementary Heaviside function) to avoid ndfelientiability. Thus, a tradefioexists: the
limiting result is exact, but computationally impracticgét stopping short of that limit yields
an imperfect representation of the shortfall objectivé2n As with SF and the PPI, our’s is an

approximation to the true probability of shortfall, justtr@m upper-bound approximation.

SWe experimented with other sigmoid and sigmoid-like functi(@sch as Extreme type | and Il as well as the logistic, amongrsithe
We studied them using simulation methods and via Taylorsesipansions. The latter were particularly helpful in detamg how diferent
methods value even- and odd-order moments of the return ditiib After all these various background experiments, thetmiable was
the Extreme Type |. Of course, an infinite number of sigmoid amsiigl-like functions exist from which we could select a smooghunction.
Perhaps other good choices willl be uncovered by futurearese



How should one balance this trad& We apply a bandwidth selection rule used in the
kernel-smoothed density estimation literature in st@gs\Whilead hog this rule serves, in our
analysis, as a practical way to compromise between the @xaichondiferentiable) limiting
result and the need for smoothness. With a suitably smogitogjnation, standard derivative-
based optimization methods (e.g., quasi-Newton methattsasiBFGS, DFP, or SR1) can then
be used to isolate the optimal portfolio.

The smoothing method developed below uses (4) to approgithatcomplementary Heav-
iside function in|(2). To begin, consider the cumulativetrdisition function of the type |

extreme-value law:

1 - exp{—expRW)]}.

To implement our method, three modifications are necesfiasy.the relevant portfolio return
is notR(w), but rather the excess retufR(v) — dJ; i.e., portfolio returns net of the benchmark

d. Thus, we consider

1 — exp{— expR(w) — d]}.

Next, we want the approximating function to turfy or on quickly. To control this, we scale

by the smoothing parametbyso

- onf-oaf1-9),

Finally, the approximation must fall from left to right. Apting the above expression to mimic

‘Hry and then embedding it into the portfolio-selection rulddsethe following problem:

exp{ - exp[Rt(r\:Z)) R ~d)\ (5)

s3.
>
—|
||M—|
><
©

Observe that far to the left oR(w) — d], the function expf exp()] is near one, while far to
the right, the function is near zero. Note, too, how the simogtparameteh is a function of

the portfolio weightsv; we discuss this belofv.

6Note that the smoothing function is only a device used to coenfhe optimal linear combinatiom; it is not a distributional assumption
concerning the portfolio returns. The shape of the podfoditurn distribution follows from the properties of therjbiistribution of asset
returns.



3.1 Smoothing Parameter h

The purpose offi is to control the approximation th(g, in a way that balances two competing
concerns: firsth must be small enough so the smoothing function mirttigs,; but, second,
h must be large enough to preserve the smoothness of the apptmn to Hr). Because
h scales the portfolio returns, it correspondingfieats how abruptly the smoothing function
falls from left to right. The smoothing functions depictedfigure 2 were plotted using dn
of 0.1 so they could be easily visually distinguished fraifgk,. In practiceh will be smaller
than O1.

Making h too small, however, can mean that a computer will be unablepoesent the
numbers within the sum in (5). For example, in the data use&toyzer [2000], a typical
monthly return is around.01. For anh of 0.01 and a zero benchmark, a typical element in
the SM would be expf exp(Q01/0.01)] or 00660, while a smaller value d&f, such as @02,
would result in a typical element equal to exxp(001/0.002)] or 35074x107%5. Any choice
much smaller than.002 (e.g., 0.001) will result in machine underflow; i.e., ter will
represent the number as a zero, which can cause the optonizdgorithm to f:ﬁmThus,h
must be set small enough so the complementary Heavisidéduans well-approximated, but
not so small that numericalfiiculties arise. While the theory is informed by mathematios, t
practice is art.

In some ways, choosirgis similar to choosing the bandwidth parameter in kernebatimed
density estimation: ihis chosen too large, then the objective function (5) will regtresent (2)
well. Similarly, if his chosen too small, then the smoothing will not “improves thehavior of
the approximation. Thus, the choiceloinvolves the practical, computational issues outlined
above.

As anad hocrule, we embeadv in the simple bandwidth selection formula

h(w) = 1.060(w)T 2

"Even if underflows do not occur, values on the order of2vill contain substantial rounding error, and this can undae the reliability
of optimization algorithms.

10



from Silverman [1986]. This rule proved quite useful in radeng the two concerns in practice;
that is, it delivered fast, reliable convergence and seteportfolios with very small shortfall
probabilities and moments consistent with what the Tagtates expansion of (5) would pre-
dict. Here,o(w) is the standard deviation of the portfolio return disttibn induced byw;

i.e.,

T T
dm:¢§%§jmm—%2awf

t=1 t=1

where

N
R(W) = D WiR.
n=1

With the dependence tfonw now explicit, we can depict the shape of objective functions
(2) and [(5) by plotting them against for the two-asset case; see figure 3. Note how the
smoothing function tracks the shape of the actual shodfgéctive function, but in a way that
results in a well-defined minimization problem. The intoitigoverning the two-asset case

applies to theN-asset case.

3.2 Expected Utility Representation

While (5) is a smooth approximation to/(2), it also has an etqubaitility representation.
Specifically, the objective function in [(5) is the samplelagao the negative of the expected
utility function E{— exp[- exp(r)]}, wherer is the excess return (net dj anda = 1/h. The
interested reader can explore this connection in moreldediaig a Taylor-series expansion of
—exp[- expfr)]. While this expansion fders some insight into how SM values various mo-
ments of the portfolio returns, the comparison is incongletcause the shortfall probability
is, of course, not tied to any particular moment. Note, that the SM does not require an
exogenous utility parameter; i.e., f@g&),is, in a sense, endogenous to the computational

strategy because of its dependencehonGiven this expected utility representation, the risk

8Stutzer [2000, 2003] emphasized another endogenous waijiyoach. In the former paper, he drew a connection to theifamigative
exponential utility model, while in the latter paper he désed an endogenous version of an expected utility functionlar to standard
power utility.

11



Figure 3: Objective Functions from (2) and (5) for the TwosAsCase
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*This illustration uses 240 observations on the stocks AT@RtJ, which comprise a subset of the
dataset used by Stutzer [2000]; the monthly data span Jah@@7 to December 1996. The smooth-
ing function isolates the same optimal weight on stock ondces the actual, discretized shortfall
probability. The same relationship between these two tilsgcholds for théN-asset case. Values for

h ranged (asv varied) from 00138 to 00409—sensible sizes for balancing the countervailing con-
cerns over smoothness and approximation accuracy. Thealptieight was (810 withd = 0.001
andh = 0.0138. Note that portfolio selection by minimizing (1), Wehfeasible when th&\ is small,

is very computationally intensive (and possibly intradealior real-world portfolio selection where

N could reasonably be 100 or more.

12



Figure 4: Two-Dimensional Plots of the Four Representaflisdure Case’s
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*Sample size of 240 randomly generated returns.

characteristics of the SM can be studied using the standamivAPratt measures of absolute
and relative risk aversion. While this connection to expetciidity is interesting, we prefer to
focus on the simple and intuitively appealing shortfalséad interpretation of the SM. As Roy

[1952, p. 433] so eloquently wrote:

In calling in a utility function to our aid, an appearance ehgrality is achieved at
the cost of a loss of practical significance and applicabifitour results. A man
who seeks advice about his actions will not be grateful fersbhggestion that he
maximize expected utility.

4 Simulation Comparisons

A straightforward, but sometimes forgotten, feature of$keis that it is equivalent to SF when
the joint distribution of returns is multivariate norn@LﬂStutzer [2000, 2003] demonstrated that

the PPI reduces to the SR rule under normality. Haley and \Wiaite[2008] summarized

9This is true more generally as well.

13



Table 1: Mixture of Normals Portfolio Performance Compainis

| Statistc | SR PPI sSM|[ | SR PPI SM |
y | d=-0.05 | d = -0.02 \
Casel
Mean 0.0129] 0.0127| 0.0127| [ 0.0131| 0.0129] 0.0139
StDev. | 0.0539| 0.0539| 0.0539| | 0.0541]| 0.0539| 0.0585
Skewness 0.8637| 0.8866| 0.8875| | 0.8332| 0.8757| 0.4664
Pr<d 0.0476| 0.0426| 0.0421] | 0.3398| 0.3488| 0.3119
Case?2
Mean 0.0127] 0.0128] 0.0128| [ 0.0129| 0.0130| 0.0128
StDev. | 0.0538| 0.0542| 0.0562| | 0.0540| 0.0545| 0.0547
Skewness| -0.8871| -0.8457 | -0.6322| | -0.8728 -0.8341] -0.7970
Pr<d 0.1572] 0.1571| 0.1537| | 0.2678| 0.2677| 0.2657
Case3
Mean 0.0127] 0.0126] 0.0126] [ 0.0128| 0.0127| 0.0133
St.Dev. | 0.0407| 0.0408| 0.0407| | 0.0408| 0.0408| 0.0446
Skewness 0.0032| 0.0077| 0.0074| | 0.0032] 0.0062] -0.0019
Pr<d 0.0292| 0.0284| 0.0276] | 0.3057| 0.3076| 0.2777
Case4
Mean 0.0126] 0.0126] 0.0126] [ 0.0127| 0.0127| 0.0127
StDev. | 0.0521| 0.0522| 0.0523| | 0.0522| 0.0522| 0.0525
Skewness 0.0048| 0.0181] 0.0095| | 0.0050| 0.0121] -0.0040
Pr<d 0.1148| 0.1155| 0.1131] | 0.2649| 0.2655| 0.2615

*A sample size of 240 was chosen to mimic 20 years of monthlg; daé used 500 Monte Carlo
replications. The cases correspond to the four types ofum@stdepicted in the corresponding quad-
rants of figuré 4. All values are averages across the 500 saniphe mixing parameter for all results

reported in this table was 0.5, but similar results obtaiwgl different values as well.

these relationships and emphasized one additional ietetionship: under normality, all of
these methods are not only equivalent to one another, bylee minimize theactual short-
fall probability in (1) and/(2). Furthermore, because SM ésyclose tol(2), it should (and
does) mimic all of these existing methods under normalitusf, if the joint distribution of
asset returns appears to follow the multivariate normal @il of these methods will directly
minimize the shortfall probability. Hence, studying themal case is unnecessary. Instead,

using data generated from a mixture of normals, we explaredfinite-sample cases involving

modest departures from normality.

A parametric mixture model is a common and flexible way to absarize the multivariate

distribution of asset returns, admitting features suchkas/sess and thick tails. We created

14



finite-sample datasets using two bivariate normal distidims and a mixing parameter, and
then applied the SR, PPI, and SM. While we experimented witleréint mixing parameters,
different levels fod, and so forth, it is impossible to report all of these finding& report the
results from the four main cases, as depicted in figure 4. &hdts, expressed as means of the
500 replications for two diierent values fod, are presented in table 1. Specifically, for each
of the 500 replications, all the methods were computed foh @ade ' The pseudo-code of

the process is as follows:

for case = 1:4
for d = -0.05, -0.02
for repetition = 1:500
create dataset
solve SR, PPI, SM
record moments for SR, PPI, SM
clear dataset
end
end
end
The results are consistent with our expectationsallrcases, the SM delivered the small-
est average shortfall probability while simultaneousliivéeing reasonable values for mean,
standard deviation, and skewness. In some instances, tHea8Moticeably smaller shortfall
probabilities, in other cases its advantages were quitd.sRegarding the standard moments,
the SM generally delivered means similar to or perhaps tjidarger than its competitors,
although its standard deviations tended to be slightlyeiaeg well; with some regularity, the
SM beat the SR and PPI in skewness. Over all, the SM appeasks docbmpetitive method
of portfolio selection, one that retains a focus on the $hlbprobability even outside of the

normal case—a feature that may be attractive to some imgesto

10We used the MrLas optimization routinefminunc, using a quasi-Newton method with a line search subroutideamerical derivatives.
If the reader has a strong preference for analytic first andrederivatives, then they can be derived, but they are cisobee to manage
and return similar results when used in the optimization Bec®f coursefmincon could be used as well.

15



Table 2: Descriptive Statistics for Monthly Retufns

Ticker | Minimum | Maximum | Mean | St.Dev | Skewness
ACK -0.294 0.330| 0.014| 0.087 0.087
ALK -0.323 0.519| 0.015| 0.105 0.557
AMD -0.477 0.487 | 0.024| 0.163 0.261
APD -0.306 0.215| 0.013| 0.076 -0.021
AT -0.177 0.171| 0.016 | 0.060 -0.216
BAX -0.162 0.203| 0.011| 0.073 -0.029
BK -0.250 0.287 | 0.018| 0.082 0.154
BMY -0.139 0.177| 0.015| 0.058 0.056
BUD -0.155 0.258| 0.017| 0.063 0.324
CC -0.437 0.415| 0.035| 0.126 0.115
CPL -0.137 0.188| 0.013| 0.050 0.011
CRS -0.309 0.273| 0.013| 0.078 -0.127
DCN -0.256 0.333| 0.012| 0.080 0.169
DG -0.265 0.347| 0.028| 0.121 0.376
GD -0.277 0.340| 0.019| 0.091 0.360
KMB -0.146 0.322| 0.017| 0.062 0.866
KU -0.107 0.139| 0.012| 0.040 -0.140
LTD -0.431 0.409| 0.026| 0.129 0.072
MUR -0.260 0.274| 0.015| 0.090 0.055
NCC -0.244 0.216| 0.014| 0.064 -0.161
ORU -0.102 0.235| 0.011| 0.042 0.494

*Sample size of 240.

5 Higher-Dimensional Application

In this section, we report results from applying the SM in @ayda-scale application using
the data from Haley and Whiteman [2008]. Descriptive staistoncerning these data are
presented in table 2. An example of a mean-constrainedoveddithe SM is also presented.
Because no risk-free asset was used, following Haley and Wihkiteg2008], we sed equal to
-0.015.

In table 3, we report the optimal portfolio weights and motsesf the corresponding op-
timal portfolio return distributions for the SR, PPI, and S#estion rules. The SM portfolio
exhibits a somewhat higher mean, a slightly higher standawiation, more negative skew-
ness, and a lower shortfall probability than the SR and PRIgims, but the latter is markedly

less negatively skewed than any of its compet@r@espite these dierences, all the methods

1This last finding is not surprising: preference for posiiivekewed portfolio return distributions (and, thus, anrai@n to negatively
skewed portfolio return distributions) is a prominent feataf the PPl method; see Stutzer [2000].

16



Table 3: Optimal Portfoliosd = —0.015°

Ticker SR PPI SM
ACK -0.1282| -0.1275| -0.0944
ALK -0.0067 | -0.0313| 0.0143
AMD 0.0059| -0.0115| 0.0219
APD 0.0170| 0.0034| -0.0380
AT 0.0521| 0.0017| 0.0543
BAX -0.0998| -0.0729 | -0.1167
BK -0.0182| 0.0241| -0.0371
BMY 0.1488| 0.1340| 0.1169
BUD 0.1283| 0.1325| 0.1752
cC 0.0505| 0.0325| 0.0895
CPL 0.0259| 0.0458| 0.0531
CRS 0.1229| 0.1026| 0.1571
DCN -0.0200 | -0.0403| -0.0567
DG 0.0276| 0.0267| 0.0265
GD 0.0214| 0.0252| 0.0091
KMB 0.0992| 0.1874| 0.0876
KU 0.4076| 0.3958| 0.2927
LTD -0.0663 | -0.0575| -0.0453
MUR 0.0501| 0.0670| 0.0833
NCC 0.0981| 0.0647| 0.1206
ORU 0.0839| 0.0976| 0.0862
Portfolio Statistics
Mean 0.0149| 0.0148| 0.0164
St.Dev. 0.0312| 0.0321| 0.0344
Skewness| -0.4353| -0.0706 | -0.5697
Pr<d 0.1375| 0.1458| 0.1250
h - - | 0.0171

*Sample size of 240.

generally agree (with some exceptions) on which stocksltsisert and which to buy long.

5.1 Moment Constraints

The SM outlined above can be easily adapted to incorporateants of particular concern
to the investor. To demonstrate this, we implemented a nceastrained version of the SM,
where we sought to proxy the desire of an investor interasteadnimizing the probability of

realizing subd returns, while seeking a particular level of (expected)met To accommodate

such a desire, we simply augmented the objective (5) by thaenbconstrair@ In table 4,

12| this instance, we used M.as’s fmincon routine, though the olderonstr routine also works.
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Table 4: Mean-Constrained Optimal Portfolias= —0.015 andR = 0.025

Variable SR PPI SM
St.Dev. 0.0539| 0.0547| 0.0589
Skewness| -0.2444 | -0.0352 | -0.4695
Pr<d 0.2292| 0.2458| 0.1542
h - - | 0.0171

*Sample size of 240.

we report descriptive statistics of the optimal SR, PPI, akdpdrtfolios when the portfolio
mean R, was constrained to equali25.

The results obtained in the unconstrained portfolio retlistributions above were obtained
here, too. The SM portfolio exhibits a slightly higher stardideviation and mean and some-
what more negative skewness than the SR and PPI portfolibe diterences in shortfall
probabilities, however, appear to be nontrivial; e.g., 8% and PPI portfolios have nearly
eight percent and ten percent higher chances, respectfebalizing a suld return than does
the SM portfolio! (Recall that all portfolios are constraihi® deliver the same expected re-
turn.) This is a noteworthy result given that the PPI is alsbartfall method, one designed to

minimize an upper bound on the shortfall probability.

5.2 Bootstrap Estimates of Sample Variability

Because shortfall may be of particular interest to fund marsaghose success is a function
of their ability to avoid suld returns, sampling errors are potentially important. Tforee
we explored the sampling properties of the various methetgguhe bootstrap. The finan-
cial data summarized in table 2 were resampled 1000 timesed&ah bootstrap sample, all
three portfolio-selection rules were implemented usiraf —0.015 andR of 0.025. Summary
statistics of the bootstrap study are reported in tafe 5.

As expected, the SM returned shortfall probabilities sigpep (i.e., smaller than) those
produced by the SR or the PPI. All methods delivered remdyksilmilar average standard

deviations. Also, as expected, the PPI produced portfalitis the highest levels of aver-

13Similar results were obtained using other reasonable vétnesandR.
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Table 5: Bootstrap Portfolio Summary Resulis= —0.015 andR = 0.025

Statistic SR PPI SM
St.Dev.

Minimum | 0.0292| 0.0313| 0.0308

Maximum | 0.0545| 0.0688| 0.0673

Mean 0.0415| 0.0433| 0.0468
St.Dev. 0.0046| 0.0044| 0.0064
Skewness

Minimum | -0.9976 | -0.4819| -1.4727
Maximum | 0.5658| 1.4303| 0.9772

Mean -0.2287| 0.2447| -0.2615
St.Dev. 0.2309| 0.2529| 0.3722
Pr<d

Minimum 0.0625| 0.0792| 0.0333
Maximum | 0.2625| 0.2917| 0.1583
Mean 0.1479| 0.1691| 0.0983
St.Dev. 0.0319| 0.0323| 0.0209

*Sample size of 240; 1000 bootstrap replications.

age skewness; the average skewness of the SR and SM paridohapared quite favorably
(—0.2287 versus-0.2615), but the latter féered noticeably smaller shortfall probabilities, on

average, 0983 versus A479.

6 Summary and Conclusions

We have constructed a simple nonparametric portfolio sielecule based on the time-honored
and intuitive notion of minimizing the probability of reaihg a return below some prede-
termined benchmark. We accomplished this by approximatiegcomplementary Heavi-
side function embedded in the portfolio selection problgmalsmooth function, hence side-
stepping the inherentfiicult of working with the true population and in-sample sFkadtprob-
abilities, equations (1) and (2), respectively.

We analyzed the sampling properties of our new method usiogt®éCarlo simulations
based on a bivariate mixtures of normals and bootstrap rdstyaplied to an higher-dimensional
dataset. The results suggest that our method is compaiititiethe famous Sharpe ratio and

the elegant, shortfall-based Portfolio Performance; wott#y, however, is that our method
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delivers substantially lower shortfall probabilities @ome cases as much as 10 percentage
points lower, all else held constant) than its competitathaut sacrificing much in terms of
mean, variance, and skewness.

In summary, our approach appears useful for portfolio selecespecially for investors or
fund managers who are concerned about realizing a retuowleebenchmark. Given the now
industry-wide practice of benchmarking a portfolio’s merhance (e.g., to a Lipper average
or one of the many indices), we are hopeful that our approalttind favor among portfolio
managers. In addition, our approach builds on the time-fezhshortfall minimization objec-
tive, is easy to understand, simple to code, quick to comvérgen using a basic Excel solver),
does not rely on any intrusive distributional assumptiona tormal and parameter laden ex-
pected utility structure, and can easily incorporate mdmestrictions and no-shorting if so
desired.

We investigated a number of additional smoothing-basezsrgome of which are depicted
in figure/2. However, based on series expansions and similaiiercises, these functions
proved inferior to the extreme-value-based approach. efbes, a particularly interesting av-
enue for future research would involve analyzing other aatd smoothing functions. Sim-
ilarly, becauseh serves a somewhatftirent purpose here than it does in kernel-smoothed

density estimation, further investigation into its deteration would be interesting as well.
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