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Abstract
The main contribution of this paper is a new domain-independent explanation-based learning (EBL)
algorithm. The new EBL*DI algorithm significantly outperforms traditional EBL algorithms both by
learning in situations where traditional algorithms cannot learn as well as by providing greater problemsolving performance improvement in general. The superiority of the EBL*DI algorithm is demonstrated
with experiments in three different application domains. The EBL*DI algorithm is developed using a
novel formal framework in which traditional EBL techniques are reconstructed as the structured
application of three explanation-transformation operators. We extend this basic framework by introducing
two additional operators that, when combined with the first three operators, allow us to prove a
completeness result: in the formal framework, every EBL algorithm is equivalent to the application of the
five transformation operators according to some control strategy. The EBL*DI algorithm employs all five
proof transformation operators guided by five domain-independent control heuristics.

1. Introduction
Explanation-based learning (EBL) [DeJong86, Mitchell86] is a technique for improving the
efficiency of problem-solving systems. Intuitively, an EBL algorithm starts with a derivation formed in
the course of problem solving (thus explanation-based learning), transforms the explanation in order to
generalize it, and summarizes the transformed explanation as a new chunk of problem-solving knowledge.
While the addition of this new chunk does not in principle change the deductive closure (i.e., the set of
solvable problems) of the problem solver, it can have a significant effect on the speed with which those
problems are solved; hence EBL is a form of speedup learning [Dietterich86].
The main contribution of this paper is a new domain-independent EBL algorithm that transforms
explanations in a more sophisticated way than traditional EBL algorithms. This algorithm, called
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EBL*DI, significantly outperforms traditional EBL algorithms both by learning in situations where
traditional algorithms cannot learn as well as by providing greater speedup in general. This claim is
supported via an empirical study in three broadly differing application domains.
The paper is organized as follows. First, Section 2 provides a rational reconstruction of traditional
EBL algorithms as the structured application of three general operators for transforming explanations. In
Section 3, we describe two intrinsic limitations of traditional EBL algorithms and illustrate these
limitations with examples where such algorithms fail to learn useful knowledge. In Section 4, we extend
the framework of Section 2 with two additional explanation-transformation operators and establish a
completeness result: in the formal framework of Section 2, any EBL algorithm can be reconstructed via
some combination of the five explanation-transformation operators. Motivated by the proof of
completeness in Section 4, in Section 5 we introduce a new high-performance EBL algorithm that uses
five declaratively specified domain-independent heuristics to control the application of all five prooftransformation operators. Finally, Section 6 reports on experiments illustrating the superiority of the
EBL*DI algorithm over traditional EBL algorithms in three different domains.

2. A Framework for EBL
Before we can discuss specific EBL algorithms, we must establish the underlying knowledgerepresentation formalism. For the purposes of this paper, it is reasonable to adopt a very simple
formalism: our choice is one involving only facts and rules. Facts are atomic formulae, or atoms, such as
fragile(chippendale) or expensive(?x), where the leading question mark is used to indicate a logic
variable.1 Rules are implications, such as light(?x) ← on(?x, ?y) ∧ fragile(?y), where the head is
1

Atomic formula, predicate, function, variable, substitution, substitution instance, and other related terms are
defined in [Lloyd87]. In addition to the notation used by Lloyd, we will use
to denote the ‘‘unify’’ relation (i.e.,
a b iff ∃ such that a = b ), ⊆ to denote the relation ‘‘is a substitution instance of’’ or ‘‘is at least as specific
as’’ (i.e., a ⊆ b iff ∃ such that a = b), ⊂ to denote the relation ‘‘is a non-trivial substitution instance of’’ or ‘‘is
strictly more specific than’’ (i.e., a ⊂ b iff a ⊆ b ∧ ¬ b ⊆ a), = to denote the relation ‘‘is a variable-renaming substitution instance of’’ or ‘‘is exactly as specific/general as’’ (i.e., a = b iff a ⊆ b ∧ b ⊆ a), and ≡ to denote the relation
‘‘is identical to.’’
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light(?x, ?y) and the antecedents are on(?x, ?y) and fragile(?y). Technically, facts and rules are both
first-order definite clauses, with function symbols allowed, but with no special equality predicate. This
same formalism underlies most of the work in the logic programming community, in particular the
PROLOG programming language, and has also been used to describe most of the previous domainindependent characterizations of EBL [Dietterich90, Hirsh87, Mitchell86, Mooney86].
In this formal framework, a domain theory consists of an initial set of facts and rules. The domain
theory entails a certain deductive closure, which is the collection of all atomic formulae that follow
logically from the given domain theory. Problem-solving consists of determining whether or not a given
query, which may contain some number of existentially quantified variables, is a member of this
deductive closure. The query is a member of the deductive closure if an explanation justifying the truth of
some substitution instance of the query, i.e. a proof, can be constructed.

2.1. Explanations as Proofs
For the purposes of this paper, we assume that an EBL algorithm is a function from proofs to rules.
Given our knowledge representation formalism of facts and rules, proofs are tree-structured and recursive.
Formally:
Definition 1: A proof is a tree composed of two types of nodes, consequent nodes and
subgoal nodes, and two types of edges, rule edges and match edges. Each node n has two
tags, a formula, denoted f (n), and a label, denoted l(n), which are atomic formulae.
A consequent node corresponds to the head of a domain theory rule, while a subgoal node corresponds to
an antecedent of a domain theory rule. A match edge links a parent subgoal node to a (unique) child
consequent node, while rule edges are used to link a parent consequent node to its child subgoal nodes.
Definition 2: A consequent node n c is a node with zero or more children, denoted r(n c ),
connected to n c via outgoing rule edges, and a lone parent, denoted p(n c ).
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Definition 3: A subgoal node n s is a node with at most one child, denoted m(n s ),
connected to n s via an outgoing match edge, and a lone parent, denoted p(n s ).
The root root( ) of a proof  is always a subgoal node representing the original query q.
For a given query, problem-solving activity may in general yield zero, one, or more proofs.
Definition 4: A problem-solving episode Π R (q) for a given query q and resource bound R
i=n
such that n ≥ 1 and
yields a series of results 〈 i 〉i=1
i.



ii.



=  i for i < n, where  i is a proof with l(root( i )) = q and corresponding answer
substitution  i = l(root( i )) f (root( i )); and
i

n = fail, indicating that no further substitution instance of the query q lies within
the deductive closure D; or  n = limit, indicating that no further substitution instance
of the query q lies within the resource-limited deductive closure D R (although one
may well lie within D).

i=n−1
instead of its
It is sometimes more convenient to refer to the answer substitution series Α R (q) = 〈 i 〉i=1

corresponding problem-solving episode Π R (q).
Next we introduce a notion of soundness for proofs. Informally, a proof is valid if it is deductively
correct. More formally:
Definition 5: A proof  is valid if and only if:
i.

for each subgoal node with an outgoing match edge n s ∈  , node formulae are
identical across the match edge:
f (n s ) = f (m(n s ));

ii.

for each consequent node n c ∈  the logical implication
l(n c ) ←

∧

n s ∈ r(n c )

l(n s )

follows deductively from the original domain theory; and
iii.

for each consequent node n c ∈  the logical implication
f (n c ) ←

∧

n s ∈ r(n c )

f (n s )

is a substitution instance of the logical implication
l(n c ) ←

∧

n s ∈ r(n c )

l(n s ).

The validity of a proof is independent of the original query and the problem-solving system used to
construct it: it is an intrinsic property of the proof structure.
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It is useful to look at a complete example of a valid explanation. Consider the following simple
domain theory consisting of just 9 facts and 3 rules:
k(D)
k(h(?w))
p( A)

p(B)
n(h( A))
n(h(B))

q(?y)
j( A)
j(C)

s(?a) ← q(?b) ∧ r(?a, ?b)
r(?c, ?d) ← p(?e) ∧ m(?c, ?e) ∧ n(?c)
m(? f , ?g) ← j(?g) ∧ k(? f )
The first result,
root(

1)

f (root(

at
1 ))



1,

the

of the problem solving episode Π(s(?x)) is shown in Figure 1.2 The subgoal node
top

represents

the

original

query

q,

with

l(root(

= s(h( A)), a substitution instance of q with answer substitution

consequent node directly below root(

1 ),

m(root(

1 )),

has label l(m(root(

1 )))

1 ))



= q = s(?x)

and

= {?x/h( A)}. The

= s(?a), the head of the

matching domain theory rule.3 Each subgoal descendent has its label set to the corresponding rule
antecedent, here q(?b) and r(?a, ?b), and its formula set to the appropriately instantiated version of the
antecedent, here q( A) and r( A, A). Nodes connected by match edges have identical formulae, while the
leaves of the explanation are childless consequent nodes whose labels correspond to domain theory facts
and whose formulae correspond to appropriate instances of those facts. Thus it is clear that for any
subgoal node n s , the subtree rooted at n s provides a valid proof for f (n s ).

2.2. A Generic EBL Algorithm
Perhaps the simplest way to increase the performance of a resource-limited problem solver is to
record f (root( )) = q  from each proof
2



of each successful problem-solving episode as a new fact in

We omit the subscript R when no resource limit is imposed on the search.

3

In practice, domain theory rules must be ‘‘standardized apart’’ (i.e., a unique variable renaming substitution
must be applied to rules at application time) to avoid variable name conflicts between multiple occurrences of the
same rule. For clarity, we ensure that variable name conflicts do not occur in the examples of this paper, so the variable names in figures match those in corresponding original domain theory rules.

5

Segre & Elkan

November 15, 1993

EBL*

s(h( A))
s(?x)

s(h(A))
s(?a)

q(?y)
q(?b)

r(h( A), ?y)
r(?a, ?b)

q(?y)
q(?y)

r(h(A), ?y)
r(?c, ?d)

p( A)
p(?e)

m(h( A), A)
m(?c, ?e)

n(h( A))
n(?c)

p(A)
p(A)

m(h(A), A)
m(?f, ?g)

n(h(A))
n(h(A))

j( A)
j(?g)

k(h( A))
k(? f )

j(A)
j(A)

k(h(A))
k(h(?w))

Figure 1: Sample proof. Bold face font is used to indicate consequent nodes, while italic font corresponds
to subgoal nodes. The upper expression is the node formula, while the lower expression is the node label.
Double lines represent match edges, while rule edges are represented with single lines.

the domain theory. When attempting to prove a similar query again, the prover will immediately find the
6
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new fact and offer this entry as sufficient proof of the query. This rote learning procedure is a restricted
form of success caching, which, under certain constraints, has already been shown to enhance the
performance of this type of prover [Elkan89a, Segre93b].
Unfortunately, rote learning is overly constraining, in the sense that there may exist another form of
the query, provable with the same pattern of reasoning implicit in the proof of the current example, which
will not match the cached entry. Much more desirable, therefore, is some mechanism by which the chain
of logical reasoning used in the proof can be generalized — so as to be more useful — and then retained
and reused. This is the essence of EBL: we operate on the structure supporting root( ), that is, the
subtree rooted at m(root( )), in order to generalize it in some validity-preserving manner, and then
extract (or chunk) a new, more general rule (called a macro-operator) to extend the domain theory.
Definition 6: A generic EBL algorithm generic-ebl has the form
function generic-ebl( : proof ): rule;
begin
transform( );
return chunk( );
end
where  is the original proof, and transform( ) leaves the proof  in a valid state.
What transformations are required to generalize a proof? Typical transformations performed by EBL
algorithms involve pruning away portions of the proof tree. If some of the leaves of a proof tree are
unmatched subgoal nodes (i.e., m(n s ) = ∅ ) then we say the proof is a partial proof. Partial proofs can
still be valid; a valid partial proof tree is a demonstration that f (root( )) = f (m(root( ))) is implied by
the conjunction of its premises, or unmatched leaf subgoals. The chunk function creates a macro-operator
that summarizes the logical argument supporting  , thus making this relationship between the premises
and m( ) explicit.
function chunk( : proof ): rule;
begin

return  f (m(root( ))) ←
n ∈ premises(m(root(
î

∧

7
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end
function premises(n: node): set of node;
begin
if consequent-node?(n) then return

∪

s ∈ r(n)

premises(s);

elseif subgoal-node?(n) ∧ m(n) = ∅ then return {n};
else return premises(m(n));
end
Of course, if there are no unmatched leaf subgoals in  , then premises(m(root( ))) = ∅ , and the macrooperator obtained will have no antecedents. Hence rote learning is a special case of generic-ebl.
function rote( : proof ): rule;
begin
return chunk( );
end
For the proof of Figure 1, this procedure would produce the new macro-operator
s(h( A)) ←.
Logically,

this

procedure

is

equivalent

to

simply

adding

the

new

fact

s(h( A)) = f (m(root( ))) = f (root( )) = q to the domain theory.

2.3. A Reconstruction of Traditional EBL
Given the relationship between EBL and rote learning just described, it is clear that the added power
of EBL comes from the proof transformations applied before chunking. Traditional EBL algorithms, such
as the EBG [Mitchell86] and EGGS algorithms [Mooney86], generalize explanations by pruning portions
of the proof, leaving some number of subgoals unmatched. This effectively relaxes the constraints once
imposed by the pruned portions of the proof: once the proof’s validity is restored, a macro-operator can be
constructed that summarizes the general version of the logical argument used in the original proof. The
macro-operator is added to the original domain theory with the provision that, where applicable, it takes
precedence over other rules. The addition of the macro-operator will not change the deductive closure of
a domain theory, although it may well have a significant effect on the future efficiency of the prover.
8
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A traditional EBL algorithm can be reconstructed as a structured application of the following three
basic proof transformation operators:
Definition 7: Operator 1 (Specialization). Given a node n and a new expression that is a
substitution instance of the node formula, replace the node formula with the new
expression:
Op1(n, ) : if

⊆ f (n) then f (n) ⇐ .

Definition 8: Operator 2 (Generalization). Given a node n and a new expression that is
both a substitution instance of the node label and at least as general as the node formula,
replace the node formula with the new expression:
Op2(n, ) : if f (n) ⊆

⊆ l(n) then f (n) ⇐ .

Definition 9: Operator 3 (Match Edge Pruning). Given a subgoal node n s , delete the entire
subtree below it:
Op3(n s ) : m(n s ) ⇐ ∅ .
We can use these three operators to reconstruct a traditional EBL algorithm. As noted earlier, the general
idea is to first prune away a portion of the proof, leaving some number of unmatched subgoal nodes, then
maximally generalize the proof while still guaranteeing its validity, and finally extract a new macrooperator using the previously introduced function chunk:
function ebl( : proof ): rule;
begin
trim(root( ));
lift(root( ));
return chunk( );
end
where trim and lift together constitute the proof transformation step. Traditional EBL algorithms differ in
the exact criteria used to prune the proof (i.e., trim) as well as the process used to restore the validity of
the proof (i.e., lift). The amount of pruning they perform crucially affects the future usefulness of the rule
that can be learned from an explanation. This quality of usefulness is traditionally called operationality
[Braverman88a, Hirsh88, Keller87, Mostow83, Mostow87, Segre87]. It is impossible to determine in
isolation whether a new rule will be useful: a formal measure of operationality, in the sense of
guaranteeing improved problem-solving performance, has to take into account the distribution of future
9
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queries as well as what other rules are present in the domain theory.
For this reason, EBL systems have in the past relied on various operationality heuristics to guide the
pruning process. Perhaps the simplest such heuristic is to flag some predicates as operational a priori, as
in [Mitchell86]. This approach is not always adequate [DeJong86], but it does have the advantage of
being explicit. More sophisticated applications of EBL often have more sophisticated notions of
operationality. For example, the ARMS system [Segre88, Segre91a] uses syntactic heuristics keyed on the
structure of an explanation to determine where to prune. Other operationality heuristics that depend on
the semantics of the explanation might also be used; unfortunately, such heuristics are often buried deep
within a system, and thus they are often not rendered explicit.
Our reconstruction of traditional EBL relies on a very simple operationality heuristic. Suppose a
subgoal is matched to a leaf consequent node, that is, a domain theory fact. It is reasonable to assume that
a different version of the subgoal, perhaps with some alternative set of bindings, could also be proven by
retrieving the same or a different domain theory fact.
procedure trim(n: node);
begin
if consequent-node?(n) then for s ∈ r(n) do trim(s);
elseif subgoal-node?(n) ∧ r(m(n)) = ∅ then Op3(n);
else trim(m(n));
end
The condition r(m(n)) = ∅ in the fourth line of procedure trim is the same operationality criterion used
implicitly in the EGGS algorithm as well as in [Dietterich90]. This procedure simply strips all reference
to specific domain theory facts used in the construction of the original proof. Once these axioms are
removed, the remaining proof is still valid, since Operator 3 does not affect any of the validity conditions
of Definition 5. However, the resulting proof is typically overly constrained, since the binding constraints
that were imposed on the proof by the deleted leaf consequent nodes are still implicit in the proof node’s
formulae. The next step, then, is to ‘‘lift’’ the proof, producing a maximally general yet still valid partial
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proof structure.
procedure lift(n: node);
begin
relax-bindings(n);
apply-bindings(n, collect-bindings(n, ∅ ));
end
First, we relax all of the binding constraints using Operator 2 by replacing each element of the proof with
its corresponding element from the original domain theory, which is available as the node label:
procedure relax-bindings(n: node);
begin
Op2(n, l(n));
if consequent-node?(n) then for s ∈ r(n) do relax-bindings(s);
elseif subgoal-node?(n) ∧ m(n) ≠ ∅ then relax-bindings(m(n));
end
The resulting partial proof no longer contains reference to the constraints implicit in the pruned
consequent nodes, but in general it violates the second validity condition of Definition 5. Next, we extract
those binding constraints necessary to restore the validity of the proof (i.e., the bindings required to unify
the formula and label fields of each node along with the bindings required to enforce unification across
proof match edges) and apply them uniformly throughout the entire proof.
function collect-bindings(n: node, : substitution): substitution;
begin
⇐ unify(l(n), f (n), );
if consequent-node?(n) then for s ∈ r(n) do ⇐ collect-bindings(s, );
elseif subgoal-node?(n) ∧ m(n) ≠ ∅ then ⇐ collect-bindings(m(n), unify( f (n), f (m(n)), ));
return ;
end
Here the function unify(x, y, ) returns the substitution ′ that is the result of merging

with the most

general unifier of x and y.
Applying the binding constraints just collected requires a simple recursive descent algorithm that
uses Operator 1 to specialize each node.

11
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procedure apply-bindings(n: node, : substitution);
begin
Op1(n, f (n) );
if consequent-node?(n) then for s ∈ r(n) do apply-bindings(s, );
elseif subgoal-node?(n) ∧ m(n) ≠ ∅ then apply-bindings(m(n), );
end
Once the process terminates, we have restored the violated validity conditions, ensuring that the resulting
proof is once again valid. Figure 2 shows what remains of the sample proof of Figure 1 once the process
is complete. We are now ready to extract a new macro-operator using function chunk. For the proof in
Figure 2, this produces the new macro-operator:
s(?a) ← q(?d) ∧ p(?g) ∧ j(?g) ∧ k(?a) ∧ n(?a)
which is considerably more general than the macro-operator obtained by rote learning in Section 2.3.

3. The Limitations of Traditional EBL
Adding the macro-operator produced by an EBL algorithm to the original domain theory should
improve performance in subsequent problem-solving episodes. Unfortunately, in practice, applying
traditional EBL algorithms in this fashion is subject to two serious problems.

3.1. The Utility Problem
Once a new macro-operator has been added to the domain theory, the hope is that when a future
query requires a similar proof structure, this will be found more quickly thanks to the presence of the
acquired macro-operator. If the distribution of future problems is favorable, then the prover should exhibit
better overall (i.e., faster) performance. It may even solve additional problems which were previously
unsolvable within a fixed resource bound. Unfortunately, the effect of EBL may be to slow down the
prover. This undesirable effect has been dubbed the utility problem [Dietterich86, Minton90].
To see how this can happen, consider the example from the previous section. The acquired macrooperator is intended to accelerate search by providing an alternative, shorter, path to the solution within
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s(?a)
s(?x)

s(?a)
s(?a)

q(?d)
q(?b)

r(?a, ?d)
r(?a, ?b)

r(?a, ?d)
r(?c, ?d)

p(?g)
p(?e)

m(?a, ?g)
m(?c, ?e)

n(?a)
n(?c)

m(?a, ?g)
m(?f, ?g)

j(?g)
j(?g)

k(?a)
k(? f )

Figure 2: Sample proof of Figure 1 after applying procedure ebl. The new macro-operator
s(?a) ← q(?d) ∧ p(?g) ∧ j(?g) ∧ k(?a) ∧ n(?a) is produced by chunk from this transformed proof.

the original search space defined by the domain theory. However, if this macro-operator does not lead to a
solution for a particular problem, it just defines a redundant path in the search space, and using it causes a
region of the search space to be searched again in vain.
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While it is impossible to avoid the utility problem altogether, it is possible to minimize its impact.
This goal is achieved by reducing both the frequency of inappropriate uses of acquired macro-operators
(i.e. uses that do not lead to a solution) as well as the cost incurred when an inappropriate use occurs. For
example, all else being equal, the overhead of exploring an inappropriate macro-operator typically grows
with the number of antecedents in that macro-operator. So for the example above, it is preferable to learn
the equally valid (and equally general) macro-operator:
s(?a) ← k(?a) ∧ n(?a).
rather than the macro-operator learned by the traditional EBL algorithm, because this macro-operator will
entail a smaller performance penalty when used inappropriately thanks to its smaller number of
antecedents.
In order to reduce the frequency of inappropriate uses, one might even prefer to learn a more
specific version of the macro-operator, such as:
s(h(?w)) ← n(h(?w)).
This last macro-operator may not be as useful as the previous one, since its less-general consequent
expression means it will be applicable in fewer situations. For this same reason, however, it may less
often be used inappropriately. Even when used inappropriately, it will entail a smaller performance
penalty, because its single antecedent is a more-specific and therefore easier to prove version of one of the
two antecedents of the previous macro-operator.
An example of where the utility problem is serious is the propositional calculus domain of Principia
Mathematica [Whitehead13] used by Newell, Shaw and Simon in their landmark work on the Logic
Theorist [Newell63], as adapted for definite-clause theorem provers by [O’Rorke89] and later
[Mooney89] (see Appendix B). The traditional EBL algorithm of Section 2.4 performs poorly in the LT
domain. In this domain, an EBL algorithm should acquire new macro-operators of a very specific type.

14
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For example, from a proof of thm(or(P, not(P))), we want to learn
thm(or(?x, not(?x))) ←.
Given the absence of antecedents, this is essentially a new domain theory fact. We call this type of macrooperator a generalized cache entry by virtue of its similarity with success caching (i.e., rote learning),
which, for this example, would acquire the strictly more-specific (and therefore less useful) entry:
thm(or(P, not(P))) ←.
Generalized cache entries minimize the utility problem: the only overhead in using a generalized cache
entry is the added cost of indexing the entry. Yet no existing general-purpose EBL algorithm is capable of
recognizing special situations where generalized caching is appropriate.4

3.2. Learning from Determinations
A second problem inherent in traditional EBL algorithms can best be introduced by an example.
Suppose an artificially intelligent accountant knows that if two stores are located in the same state, then
the sales tax rate at both stores must be the same:
rate(?y, ?r) ← state(?x, ?u) ∧ state(?y, ?u) ∧ rate(?x, ?r).
Given the common location of Gucci and Cartier and the sales tax rate at Gucci, one can find the rate at
Cartier as the proof tree in Figure 3 shows.
A useful special-purpose version of the original rule:
rate(?x, 7%) ← state(?x, NY )
states that the sales tax rate at any store in New York is seven percent. This new rule not only follows
4

The term generalized caching is used informally in [Dietterich90] as a synonym for explanation-based learning. Here, by analogy with subgoal caching, we use the term in a more restricted sense to mean only those situations
where the acquired macro-operator is a more general version of the original query expression.
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rate(Cartier, 7%)
rate(?y, ?r)

rate(Cartier, 7%)
rate(?y, ?r)

state(Gucci, NY )
state(?x, ?u)

state(Cartier, NY )
state(?y, ?u)

rate(Gucci, 7%)
rate(?x, ?r)

state(Gucci, NY)

state(Cartier, NY)

rate(Gucci, 7%)

state(Gucci, NY)

state(Cartier, NY)

rate(Gucci, 7%)

Figure 3: Determining the sales tax rate at Cartier in New York.

deductively from the original domain theory, but is also a useful rule in practice: subsequent queries
referring to New York state stores can be handled more efficiently using the new rule than the original
domain theory rule. A rule of the form ‘‘stores in the same state pay sales tax at the same rate’’ is called a
determination: a higher-order regularity that by itself is useless in reasoning, but which together with
some premises leads to useful conclusions [Davies87]. One can think of a determination as expressing
information about similarities between situations in a certain class. Determinations allow the
characteristics of a single situation to be extrapolated with confidence.5
5

Determinations have been previously used in EBL work in a quite different way, in order to extend incomplete domain theories. The simplest case of the incomplete domain theory problem occurs when a query is known to
be true, yet no proof of the query can be found. When the domain theory gives rise to a single failed proof involving
a determination, the PROLEARN-ED algorithm [Mahadevan89] uses the determination to suggest a plausible as16
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Traditional EBL algorithms are incapable of acquiring any interesting new macro-operator from a
proof involving a determination. If applied to the example proof above, a traditional EBL algorithm
yields a macro-operator identical to the original domain theory determination.

4. The EBL* Family of EBL Algorithms
Given the inadequacies of traditional EBL algorithms just described, we would like to extend the
framework of Section 2 so that new, more powerful, EBL algorithms (in particular, ones capable of
learning from determinations, and ones capable of performing generalized caching under appropriate
conditions) can be constructed.

4.1. Two Additional Explanation Transformation Operators
The following two operators complete the EBL* family of proof-transformation operators.
Definition 10: Operator 4 (Match Edge Grafting). Given a leaf subgoal node n s and a
consequent node n c whose formulae unify, graft the proof rooted at n c at the leaf subgoal
ns :
Op4(n s , n c ) : if m(n s ) = ∅ ∧ f (n s )

f (n c ) then m(n s ) ⇐ n c .

Definition 11: Operator 5 (Rule Edge Pruning). Given a subgoal node n s and a
substitution  , delete the subtree rooted at n s while applying the bindings  to the label of
the parent node p(n s ):
Op5(n s ,  ) : r( p(n s )) ⇐ r( p(n s )) − {n s } and l( p(n s )) ⇐ l( p(n s )) .

Operator 4 can be used (in concert with Operator 3) to emulate the IMEX algorithm [Braverman88b],
which ‘‘unravels’’ sections of a proof corresponding to previously acquired macro-operators by suturing
in the proof from which the macro-operator was originally derived. Operator 5 enables pruning at rule
edges: in particular, when given an appropriate  , it is this operator that permits us to construct EBL
sumption that permits the proof to go through. After asserting this assumption, PROLEARN-ED uses a traditional
EBL algorithm to chunk the patched proof. In the special case where the original domain theory is assigned the
Clark completion semantics [Clark78], the PROLEARN-ED algorithm is deductively sound. Otherwise, the algorithm is doing a form of abduction, jumping to unsound but plausible conclusions guided by determinations present
in the domain theory.
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algorithms that can learn the desired macro-operator for the determination example of the previous
section.

4.2. Completeness of the EBL* Operators
The five operators described constitute the EBL* repertoire of proof-transformation operators. An
EBL* algorithm is an EBL algorithm that transforms proofs by applying EBL* operators in some
combination. The EBL* operator repertoire is complete in the sense that any macro-operator extracted
from a proof by any EBL algorithm can also be learned by an EBL* algorithm.6
Theorem: (Completeness) Let ebl be any EBL algorithm, let  be any proof, and let
Μ = ebl( ) be the macro-operator extracted from  by ebl. Then for some EBL*
algorithm ebl*, Μ = ebl*( ) also.
Proof: Recall from Definition 6 that generic-ebl computes Μ by first applying a validitypreserving proof-modification function transform to  producing  , and then computing
Μ = chunk( ). Our proof strategy is to show that for any such transform, an equivalent
function transform* can be constructed that produces a new proof  ˆ where transform*
uses only EBL* operators and chunk( ˆ ) = Μ = chunk( ).
By definition,
implication



is a valid proof, so for each consequent node n c ∈ 

R(n c ) = l(n c ) ←

∧

n s ∈ r(n c )

the logical

l(n s )

must follow deductively from the original domain theory.
The first step is to produce an expanded ‘‘canonical’’ version of  , denoted  ˆ , such that for
each consequent node n̂ c ∈  ˆ the logical implication
R( n̂ c ) = l( n̂ c ) ←

∧

n̂ s ∈ r( n̂ c )

l( n̂ s )

is a substitution instance of a clause in the original domain theory. To construct  ˆ , perform
a pre-order traversal of  , and, for each consequent node  c ∈  whose corresponding
implication is not a substitution instance of a clause in the original domain theory, let  c
be a valid partial proof such that m(root( c )) and  c have the same label and formula, and
premises( c ) = r( c ), so chunk( c ) = R( c ). Replace each  c node and its children r( c )
by the subtree rooted at m(root( c )), connecting subtrees rooted at each node in r( c ) to
their corresponding unmatched leaf subgoal in  c .
6

The repertoire is also minimal in the sense that none of the operators can be emulated by a combination of the
others. The repertoire may, however, not be minimum: there may be a set of fewer than five operators which is still
complete.
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Now  ˆ = canonicalize( ) is a valid proof such that chunk( ˆ ) = Μ = chunk( ). The proof
is completed by giving a sequence of EBL* operator applications that transforms  into  ˆ .
In brief:
(1) apply Operator 3 to root( );
(2) use Operator 2 to make f (root( )) maximally general;
(3) use Operator 4 to construct a proof with the same tree structure as  ˆ ;
(4) use Operator 5 to remove unwanted subgoals as necessary;
(5) use Operator 1 to specialize the new proof as necessary.
This process can be stated more precisely as a new function transform*. The essential idea
is to use the structure of  ˆ as a template to guide the reconstruction of the desired proof
after all but the root of the original derivation has been pruned away.
function transform*( : proof ): proof ;
var  : proof ⇐ canonicalize(transform( ));
begin
Op3(root( ));
Op2(root( ), l(root( )));
dfs-duplicate(root( ), root( ));
return ;
end
procedure dfs-duplicate(n, n̂: subgoal node);
begin
varc: set of node;
Op4(n, proof-from-clause(clause-from-proof( n̂)));
c ⇐ r(m(n))
for s ∈ c do
if ∃ ŝ ∈ r(m( n̂)) such that l( ŝ) = l(s) then
begin
dfs-duplicate(s, ŝ);
c ⇐ c − s;
end
for s ∈ c do Op5(s, unify(l(m(n)), l(m( n̂)), ∅ ));
end
Here the function clause-from-proof, when given root( ˆ ), finds the domain theory clause
of which l(m(root( ˆ ))) ←
l( n̂) is an instance. The function proof-from-

∧ 

n̂ ∈ r(m(root( ˆ )))

clause makes this clause directly into a corresponding valid partial proof.

The proof just given essentially says that the EBL* operations can transform any explanation into the
empty explanation and then build up an arbitrary new explanation from scratch.7 The critical operator that
7

A similar phenomenon occurs in some planning domains. In a world where there is a ground state attainable
from every other state, and the operators for moving from state to state are reversible, then planning is in principle
easy: one could go from any state to any other through the ground state.
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allows a new proof to be constructed is Operator 4, which can be used to perform a step of backwardchaining inference. The other operators allow the local aspects of a proof to be adjusted. The main
technical difficulty in the proof is that the transformed proof



to be reproduced may not be directly

constructible using domain theory clauses. However any consequent/subgoal structure in the proof must
itself be an implication provable from the original theory, and a subproof can be notionally spliced in,
yielding a proof  ˆ that is easily duplicated by a depth-first traversal.
What is most interesting about the theorem is not the result itself, but rather the insight it gives into
the problem of designing EBL algorithms. The difficulty is not in devising explanation transformation
methods, rather it is in deciding when it is useful to apply transformations.

5. A Domain-Independent EBL* Algorithm
As the proof of the completeness theorem suggests, the EBL* operators define the space of all
alternative partial explanations. Recall the general idea behind EBL is to transform the proof in some
fashion, producing a maximally general — yet still valid — partial proof from which a new macrooperator is extracted. EBL algorithms differ in the control heuristics they use to guide the transformation
process.
The operationality heuristics used in traditional EBL algorithms (e.g., the trim procedure of Section
2.4) are examples of domain-independent control heuristics. While it may be the case that domaindependent control heuristics are required in order to produce the best possible speedup, here we propose
five general heuristics that can be used in constructing domain-independent EBL* algorithms. In
particular, these heuristics not only acquire the desired macro-operator in the example of Section 3.2, but
also automatically perform generalized caching where appropriate.
The first heuristic, also suggested in [Mooney86], recognizes that chains of reasoning based on
single antecedent rules often express taxonomic isa relationships, which should not be compiled into the
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result of learning lest it become over-specific. Intuitively, the idea is to make the ‘‘highest’’ consequent
node in a chain look like a domain theory fact.
Heuristic 1 (Trim single-antecedent chains): If a leaf subgoal node n s is an only child,
then apply Operator 5 to prune the subtree rooted at n s while preserving the binding
constraints implicit therein:
H1(n s ) : if r( p(n s )) = 1 ∧ m(n s )) = ∅
then Op5(n s , l(n s ) f (lift(n s ))).
The lifting step applied to n s before its removal ensures that only those binding constraints contributed by
the pruned subtree are retained, as opposed to all of the bindings of variables contained in l(n s ).
We may have to apply Heuristic 1 several times to nibble away all single-antecedent structures from
the proof. Also note that, since subsequent heuristics may apply Operator 5 (producing consequent nodes
with one child that originally had more than one child), it is important to apply Heuristic 1 first so that it
is not fooled into identifying such reduced portions of the proof as single antecedent chains. This also
ensures that we retain the binding constraints implicit in the pruned subtree, since Heuristic 1 is applied
before any significant changes are made to that subtree (e.g., before anything like procedure trim is
applied). Heuristic 1 is easily implemented as a simple recursive-descent algorithm that eats away at the
leaves of the proof.
function trim-single-antecedent-chains(n: node): boolean;
begin
if subgoal-node?(n) then
if trim-single-antecedent-chains(m(n)) then
begin
lift(n);
Op5(n, unify(l(n), f (n), ∅ ));
return t;
end
else return f ;
elseif consequent-node?(n) then
if r(n) = {s} ∧ trim-single-antecedent-chains(s)) then return t;
else
begin
for s ∈ r(n) do trim-single-antecedent-chains(s);
return f ;
end
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end
The second heuristic governs another application of Operator 5. The insight is that certain subgoals
provide background information that should be compiled into the learned macro-operator; essentially a
form of partial evaluation [Van Harmelen88].
Heuristic 2 (Trim alien subgoals): If the label l(n s ) of a subgoal node contains only
variables not present in the label l( p(n s )) of its parent, then the subtree rooted at n s should
be deleted using Operator 5, while preserving the binding constraints implicit therein.
H2(n s ) : if variables(l( p(n s ))) ∩ variables(l(n s )) = ∅
then Op5(n s , l(n s ) f (lift(n s ))).
The function variables(x) returns the set of variables mentioned in its argument x.
As we shall see in Section 5.1, Heuristic 2 is useful in obtaining the desired generalization for the
determination example. Like Heuristic 1, since we are interested in retaining the binding constraints
implicit in the pruned subtree, it is important that Heuristic 2 also be applied before anything resembling
procedure trim. Heuristic 2 is also easily implemented.
procedure trim-alien-subgoals(n: node);
begin
if consequent-node?(n) then for s ∈ r(n) do trim-alien-subgoals(s);
elseif subgoal-node?(n) ∧ variables(l( p(n s ))) ∩ variables(l(n s )) = ∅ then
begin
lift(n);
Op5(n, unify(l(n), f (n), ∅ ));
end
else trim-alien-subgoals(m(n));
end
The third heuristic is a refinement of the traditional EBL operationality heuristic that only removes
consequent nodes corresponding to domain theory facts if those nodes actively serve to impose binding
constraints on the proof.
Heuristic 3 (Trim axioms selectively): If a consequent node n c is a leaf node whose label
and formula are equally specific (i.e., identical subject to variable renaming), apply
Operator 3 to prune the subtree rooted at n c :
H3(n c ) : if r(n c ) = ∅ ∧ f (n c ) = l(n c )
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then Op3( p(n c )).
Heuristic 3 is more selective than the operationality heuristic of Section 2.4 and plays a critical role in
obtaining generalized caching behavior in the LT domain. Its implementation is a straightforward
modification of procedure trim.
procedure trim-axioms-selectively(n: node);
begin
if consequent-node?(n) then for s ∈ r(n) do trim-axioms-selectively(s);
elseif subgoal-node?(n) ∧ r(m(n)) = ∅ ∧ f (n c ) = l(n c ) then Op3(n);
else trim-axioms-selectively(m(n));
end
The fourth heuristic is deceptively simple to state but, unfortunately, quite expensive to implement.
Heuristic 4 (Trim universally true subproofs): If a single answer substitution  subsumes
all other possible answer substitutions for the formula of a subgoal node f (n s ), then the
subtree rooted at n s should be deleted using Operator 5 to preserve  :
H4(n s ) : if ∃  ∈ Α( f (n s )) ∀  ∈ Α( f (n s )) f (n s )  ⊆ f (n s )
then Op5(n s ,  ).

Heuristic 4 recognizes that if something can be shown true in the general sense at macro-operator
construction time, there is no need to require any verification of the fact at macro-operator application
time; simply remove the subgoal in question. It is the problem of recognizing that something is true in the
general sense that is so expensive: Heuristic 4 as stated relies on non-resource-bounded proof
enumeration to find a substitution that subsumes all other substitutions. We present no implementation of
Heuristic 4, however, later, in Section 5.1, we shall see two examples of efficient approximations of
Heuristic 4 that can be used to construct practical generalization algorithms.
The last heuristic is perhaps the simplest of all. It recognizes that in some domains there is a certain
amount of redundancy in the construction of a proof, such as might occur with frame axioms in situation
calculus formulations of planning problems [Green90].
Heuristic 5 (Trim redundant subgoals): If two subgoal nodes in a proof have identical
formulae (note variable renaming substitutions are not allowed), then one of the subgoal
nodes should be deleted along with its subtree:
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H5(n s1 , n s2 ) : if f (n s1 ) ≡ f (n s2 )
then Op5(n s2 , ∅ ).
Heuristic 5 avoids extracting new macro-operators with redundant antecedents: antecedents that would
cause later proofs using the macro-operator to perform the same work more than once. It should only be
applied at the end of the proof transformation process, right before the new macro-operator is extracted.
procedure trim-redundant-subgoals(n: node, a: set of atoms);
begin
if consequent-node?(n) then for s ∈ r(n) do trim-redundant-subgoals(s, a);
elseif subgoal-node?(n) ∧ f (n) ∈ a then Op5(n, ∅ );
else trim-redundant-subgoals(m(n), a ∪ { f (n)});
end

5.1. The Control Heuristics at Work
To see how these heuristics might be used, let us return to the tax rate example of Section 3.2.
Recall the original proof (Figure 3) is simply an instantiation of the following domain theory rule:
rate(?y, ?r) ← state(?x, ?u) ∧ state(?y, ?u) ∧ rate(?x, ?r).
Applying Heuristic 2, we note that none of the variables of the left-most subgoal (i.e., ?x and ?u) appear
in the rule consequent. This subgoal is pruned using Operator 5 and the bindings ?x/Gucci and ?u/NY are
retained. We next apply Heuristic 3 to remove the two remaining consequent leaf nodes (Operator 3), and
use lift (Operators 1 and 2) to obtain a maximally general, valid, proof tree. Given that this particular
proof is the product of only one rule, the valid proof tree reflects exactly the structure of the original rule,
less the pruned subgoal.
The new macro-operator that can be extracted from this partial proof tree is:
rate(?y, ?r) ← state(?y, NY ) ∧ rate(Gucci, ?r).
While this rule is more useful than the original rule due to the reduction in number of subgoals and
variables that must be bound, we can still do better. The rightmost subgoal rate(Gucci, ?r) has an answer
substitution {?r/7%} that subsumes all other answer substitutions for that subgoal within this domain
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theory. By Heuristic 4, it can thus be removed via application of Operator 5 while ‘‘compiling in’’ the
substitution {?r/7%}:
rate(?y, 7%) ← state(?y, NY )
which is the desired macro-operator.
While the heuristics just described do produce the desired determination, we note that the
application of Heuristic 4 in the general case entails enumerating all possible proofs for an expression.
Fortunately, two special cases of Heuristic 4 can be implemented efficiently and, when combined, provide
much of the power of Heuristic 4.
The first special case of Heuristic 4 recognizes that the null substitution ∅ subsumes any other
substitution. If we can prove a skolemized version of the formula of the node (within some reasonable
resource bound), then the formula is universally true, i.e., ∅ is a valid answer substitution for the original
formula.
Heuristic 4a (Trim universal subproofs): If f (n s ) is universally true, then delete the
subtree rooted at subgoal n s :
H4a(n s ) : if ∅ ∈ Α R (skolemize( f (n s )))
then Op5(n s , ∅ ).
The function skolemize(x) returns a copy of its argument x with each variable replaced by a fresh
constant.
Unlike the general statement of Heuristic 4, Heuristic 4a employs resource-bounded search and does
not rely on proof enumeration. A reasonable resource bound might be determined by inspecting the
resources required to construct the original proof. For example, a resource bound based on the depth of
the proof tree rooted at n s might reasonably be used to limit the depth of search for a universally true
equivalent.
function trim-universal-subproofs(n: node): boolean;
var change: boolean ⇐ false;
begin
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if consequent-node?(n) then
begin
for s ∈ r(n) do change ⇐ change ∨ trim-universal-subproofs(s);
return change;
end
elseif subgoal-node?(n) ∧ prove(skolemize( f (n)), 1 + depth(n)) = ∅ then
begin
Op5(n, ∅ );
return t;
end
else return trim-universal-subproofs(m(n));
end
Heuristic 4a can be used to automatically recognize situations where generalized caching is appropriate,
as in the LT domain. An EBL* strategy that includes repeated applications of this approximation to
Heuristic 4, in addition to functioning as a normal EBL algorithm, is able to reduce any valid LT proof
tree to its maximally general root node; thus recognizing and automatically performing generalized
caching as a special case.
The second special case recognizes that if there is only one substitution



that makes f (n s ) true,

then that substitution subsumes all other substitutions.
Heuristic 4b (Trim singleton subproofs): If f (n s ) has only one true substitution, then
delete the subtree rooted at subgoal n s :
H4b(n s ) : if Π R ( f (n s )) = 〈 1 , fail〉 ∧ Α R ( f (n s )) = 〈 〉
then Op5(n s ,  ).

As with Heuristic 4a, a reasonable resource bound might again be determined by examining the original
proof structure.
function trim-singleton-subproofs(n: node): boolean;
var change: boolean ⇐ false;
begin
if consequent-node?(n) then
begin
for s ∈ r(n) do change ⇐ change ∨ trim-singleton-subproofs(s);
return change;
end
elseif subgoal-node?(n) ∧ prove( f (n), 1 + depth(n)) =  ∧ continue( ) = fail then
begin
Op5(n,  );
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return t;
end
else return trim-singleton-subproofs(m(n));
end
It is this second heuristic, which performs a very limited form of resource-bounded proof
enumeration, that can be used to prune the rate(Gucci, ?r) subgoal in the tax example. Note, however,
that in practice we must temporarily remove the recursive rule for rate and perform a resource-limited
search only for alternative base cases in order to recognize the proof’s singleton nature [Subramanian90].

5.2. The EBL*DI Algorithm
Given the domain-independent heuristics of the previous section, we are now ready to construct a
domain-independent EBL* algorithm. Our algorithm, denoted EBL*DI, is easily expressed as a
composition of the heuristics introduced previously.
function ebl*di( : proof ): rule;
begin
trim-single-antecedent-chains(root( ));
trim-alien-subgoals(root( ));
trim-axioms-selectively(root( ));
lift(root( ));
while trim-universal-subproofs(root( )) do lift(root( ));
while trim-singleton-subproofs(root( )) do lift(root( ));
trim-redundant-subgoals(root( ), ∅ );
return chunk( );
end
Note that some heuristics are applied only once, while others are applied repeatedly as long as they
continue to alter the proof. In addition, each heuristic that either violates the validity of the proof or leaves
it overly constrained is followed by an application of lift to restore the validity and generality of the
resulting partial proof.
As with a traditional EBL algorithm, the validity of learned knowledge is dependent on the validity
of the original domain theory. Traditional EBL formulations expect the domain theory to be both correct
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and stable. Retracting rules or facts from the original domain theory after learning may compromise the
validity of any learned rules. Similarly, some EBL* transformation strategies that rely on Heuristic 4 are
implicitly dependent on a form of the closed-world assumption [Reiter81]. For example, Heuristic 4b is a
form of negation as failure [Lloyd87]; subsequent addition of a new fact to the domain theory may
change the usefulness of the learned rule.
The EBL*DI algorithm is truly a domain-independent learning algorithm in the sense that it is
useful over a broad range of domains. Unlike traditional EBL, EBL*DI is not only capable of handling
the determination in the tax rate example, but also reduces to performing generalized caching in domains
where appropriate, such as the LT domain. Perhaps more interesting, however, is the fact that EBL*DI is
free to mix generalized caching on one portion of a proof with the use of a determination in another (or
even the same) portion of the proof as appropriate. In Section 6, we support the superior performance of
EBL*DI in an empirical comparison with traditional EBL across several domains.
In practice, we expect that improved EBL* transformation strategies for learning macro-operators
may well be domain dependent. Taking specific knowledge of a particular domain into account should
lead to better, more useful, generalizations. For example, in the tax rate generalization above, ‘‘knowing’’
that a store can have only one tax rate (i.e., that rate defines a function from its first argument to its
second) would support a very efficient, domain-specific, implementation of Heuristic 4. This kind of
information is often easily included in the original domain theory specification: here, for example, as the
first-order sentence ∀ ?x, ?u, ?v rate(?x, ?u) ∧ rate(?x, ?v) → ?u = ?v. Alternatively, if a nonmonotonic
semantics such as the standard minimal model semantics is adopted for facts and rules, then functionality
assertions are logically entailed, and they can be proven using special inference rules [Elkan88].
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6. An Empirical Evaluation of EBL*DI
In this section, we present an empirical comparison of our EBL*DI algorithm with the traditional
EBL algorithm of Section 2.4. The central question we want to resolve is whether macro-operators
produced our EBL*DI algorithm reliably outperform macro-operators acquired by a traditional EBL
algorithm across a spectrum of application domains. We are interested in measuring the change in
performance on subsequent problems after learning.
To achieve this goal, typical empirical evaluations compare solution costs (e.g., in terms of elapsed
CPU time) for each system over a collection of problems. Such comparisons are at times difficult
[Segre91b], but they are a reasonable metric of performance. In this paper, we adopt a simple
experimental methodology. More complex model-based methodologies, such as the one used in
[Segre93b], can serve to give a clearer picture of system performance. However, for the purpose of the
comparisons here, a simple methodology is adequate.
Each experiment reported here uses a different domain theory and problem set. The general idea is
to partition the problem set, originally of size N , into two mutually exclusive subsets, a training set of size
k and a test set containing the remaining N − k problems. Two otherwise identical depth-first unitincrement iterative-deepening theorem provers are allowed to learn from each problem in the training set
using different learning algorithms, and then are tested on the test set.8 CPU time required and number of
nodes explored are recorded for each problem in the test set. These numbers are then compared to those
obtained with an identical, non-learning, theorem prover on the same test set. As is normal practice, we
assume the cost of learning is negligible in the sense that it can be amortized over many subsequent
problems.
8

A unit increment may well produce the worst-case performance for iterative deepening. Depending on the
problem population, increasing the increment value may substantially improve the system’s performance.
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All of the experiments reported here rely on a heavily instrumented, depth-first iterative-deepening
definite-clause theorem prover implemented in Common Lisp. This theorem prover is not particularly
fast, since it was designed primarily in order to support principled experimentation. It can be configured
to perform iterative deepening [Korf85], iterative broadening [Ginsberg92], conspiratorial best-first
iterative deepening [Elkan89a], or even simple breadth-first search. It is the same theorem prover we have
used previously for an experimental evaluation of bounded-overhead caching [Segre93b].

6.1. Experiment 1
In this first experiment, we compare the performance of our EBL*DI algorithm and the traditional
EBL algorithm in a classic blocks microworld (Appendix A). The problem set consists of 26 problems
drawn from a simple situation-calculus formulation of the classic AI block-stacking world [Sussman73].
All of the problems are either singleton goals or binary conjunctions of goals, and no solution requires
more than a five move sequence of operators. The relatively small size of the domain is an advantage for
this experiment in that it allows us to perform many trials in reasonable amounts of time. For the nonlearning system, the largest problem requires searching approximately 20,000 nodes and corresponds to a
derivation tree of 84 nodes 7 levels deep.
This blocks-world domain theory is highly recursive and the problem-solving search space is highly
redundant. A typical new rule serves only to increase the branching factor of the search space and is of
negative utility. In fact, training on a single problem yields useful rules (i.e., produces some overall
speedup on the remaining 25 problems) only 8 of 26 times with traditional EBL. The EBL*DI algorithm
is superior, in that it produces net speedup for 5 additional problems, for a total of 13 of 26 cases. We
used only those 8 problems from which even traditional EBL could extract rules of positive utility to
investigate the extent to which the utility of multiple acquired rules is cumulative. For this experiment, our
hypotheses are that (i) EBL*DI learns macro-operators that give greater speedup than those learned by
traditional EBL, and (ii) the greater the number of problems from which EBL*DI can learn, the greater
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CPU Time Ratio Summary Statistics for k ≤ 8.
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Figure 4: Average CPU time ratios for selected training sets with k ≤ 8.

the speedup.
The results of experiments testing these hypotheses are illustrated in Figures 4 and 5. The EBL*DI
system is significantly faster on average than the EBL system for all tested training sets and training set
sizes. Furthermore, learning from more problems makes both systems run faster.
These results are quite impressive: by learning from appropriate problems, the EBL*DI system can
solve the remaining test problems can be solved in as little as 32% of the time while searching as few as
9

It is technically possible for a node exploration ratio under one to correspond to a CPU time ratio over one,
since the overhead of using an additional rule may increase the average node exploration cost [Tambe88]. This ‘‘expensive chunk problem’’ does not appear to be an issue in this experiment, as the general shapes of the curves in Figures 4 and 5 are quite similar. More precisely, we observed that average node exploration cost is almost independent
of training set size for both learning algorithms. For the traditional EBL system, a very small but statistically significant positive correlation between training set size and average node exploration cost node was observed. However,
for the EBL*DI system, we observed a very small but statistically significant negative correlation.
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Node Exploration Ratio Summary Statistics for k ≤ 8.
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Figure 5: Average node exploration ratios for selected training sets with k ≤ 8.

33% of the nodes searched by an otherwise equivalent non-learning system. However there are two
important caveats. The first is that the results are specific to this particular microworld and problem
distribution. We hope that similar results hold in other domains, but no experimental evaluation can prove
this.
More important, this experiment finesses the problem of what to learn. Learning from random
examples is fundamentally more difficult than learning from well-chosen examples supplied by a teacher
[Valiant84]. The training sets used in the experiment here consist entirely of problems from which
traditional EBL can learn useful macro-operators. Training sets consisting of randomly chosen problems
typically do not give speedup in this domain. In the next experiment, we test the performance of EBL*DI
in a different domain using teacher-supplied training examples, while in Section 6.3 we show that, in yet
another domain, the EBL*DI algorithm achieves speedup when learning from randomly chosen problems.
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6.2. Experiment 2
In this experiment, we revisit the classic LT experiment [Newell63], using an updated version of the
original LT domain theory (see Appendix B). Queries in the LT domain are statements in the
propositional calculus, that is, fully ground expressions, such as thm(or(not(or(not(P), not(P))), not(P))).
The 92 propositional calculus problems from Chapter 2 of Principia Mathematica are rewritten, replacing
implies with or and not: 87 unique problems remain after rewriting. Unlike the blocks microworld
problems of the first experiment, the LT problems were originally ordered by the authors of Principia
Mathematica to maximize their pedagogical utility.
The domain theory consists of three rules and five facts, which correspond to the first five theorems
from Chapter 2 of Principia Mathematica. Domain theory facts are generalized propositional statements
such as axm(or(not(or(?a, ?a)), ?a)) that rely on universally quantified variables to allow for constant
renaming in the query expressions. In this fashion, both the queries thm(or(not(or(P, P)), P)) and
thm(or(not(or(Q, Q)), Q)) will eventually match the same domain theory fact. The three domain theory
rules are
thm(?x) ← axm(?x)
thm(?x) ← axm(or(not(?y), ?x)) ∧ thm(?y)
thm(or(not(?x), ?z)) ← axm(or(not(?x), ?y)) ∧ thm(or(not(?y), ?z)).
Since each of these rules has at most one recursive thm subgoal, they give rise to the same kind of linear
proof structure produced by the original LT system (see Figure 6).
The hypotheses tested in this experiment are that (i) learning from early problems helps in solving
later problems, and (ii) EBL*DI outperforms both traditional EBL and rote learning. The experiment
consists of four trials. The first trial is a simple non-learning trial: all 87 problems are attempted, and
statistics describing whether or not each problem is solved as well as solution characteristics are recorded.
The remaining three trials are learning trials, where a learning algorithm (rote learning, traditional EBL,
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thm(or(P, not(P)))
thm(or(P,not(P)))

thm(or(P, not(P)))
thm(?x1)

axm(or(not(or(not(P), P)), or(P, not(P))))

thm(or(not(P), P))

axm(or(not(?y1), ?x1))

thm(?y1)

axm(or(not(or(not(P), P)), or(P, not(P))))

thm(or(not(P), P))

axm(or(not(or(?a, ?b)), or(?b, ?a)))

thm(or(not(?y2), ?x2))

axm(or(not(P), or(P, P)))

thm(or(not(or(P, P)), P))

axm(or(not(?y2), ?z2))

thm(or(not(?z2), ?x2))

axm(or(not(P), or(P, P)))

thm(or(not(or(P, P)), P))

axm(or(not(?c), or(?d, ?c)))

thm(?x3)

axm(or(not(or(P, P)), P))
axm(?x3)

axm(or(not(or(P, P)), P))
axm(or(not(or(?e, ?e)), ?e))
Figure 6: Proof of thm(or(P, not(P))).
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or EBL*DI) is applied to each solved problem with a proof larger than one node; the results of learning
are then available for use on subsequent problems.
The protocol just described differs significantly from that used in our first experiment, where
separate training and test sets were used. The protocol used here better suits the sequential nature of the
LT problem set, and is in the spirit of the original LT experiments.10 For this reason, we restrict ourselves
to qualitative comparisons of the different systems.
Summary statistics for the four trials are shown in Table 1. Each trial was performed under an
identical resource bound of 50,000 node explorations per problem. Any problem left unsolved by the
non-learning system that was subsequently solved by one of the learning systems was reattempted using
the non-learning system with an extended resource bound in order to compute CPU time and node
exploration ratios. Such problems are, of course, not included in the results reported for the non-learning
system.

Table 1
Summary Results for LT Domain
No Learning Rote

EBL

EBL*DI

Problems Solved

34

38

30

44

CPU Time Ratio

1

0.72

16.62

0.13

Node Exploration Ratio

1

0.76

3.13

0.17

10

The protocol also differs from the original LT protocol of [Newell63], which allowed rote learning (i.e.,
caching) of unsuccessful problems as new domain theory elements. In general, learning from unproven propositions
may augment a domain theory with untrue facts, and it makes the performance contribution of a particular learning
algorithm difficult to isolate. Therefore our protocol follows that of [O’Rorke89].
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The results are generally in line with those reported in [O’Rorke89]:
(1)

The non-learning system solved 34 of the 87 problems within the resource bound. Its CPU time
ratio and node exploration ratios are, by definition, 1.

(2)

The rote learning system solved 4 additional problems for a total of 38 problems solved. On
average, the rote learning system searched fewer nodes (76% of those searched by the nonlearning system) and required less time (72% of the CPU time required by the non-learning
system).

(3)

The traditional EBL system failed to solve 5 problems that were solved by the non-learning
system within the resource bound. In return, it was able to solve 1 additional problem not solved
by either the non-learning or rote-learning systems. On average, however, the traditional EBL
system searched a far greater number of nodes (over 300% of those searched by the non-learning
system) and was also much slower than the non-learning system (CPU time ratio of over 1600%)
for those problems that it did manage to solve.

(4)

The EBL*DI system solved every problem solved by any other tested system. It solved 10
problems more than the non-learning system, 6 problems more than the rote learning system and
14 more than the traditional EBL system. It searched far fewer nodes (17% of those searched by
the non-learning system) and was also faster (CPU time ratio of about 13%) than any other
system.

These results support our experimental hypotheses. In particular, we see that the traditional EBL
algorithm often acquires macro-operators of negative utility. The branching factor of the search explodes
as the acquired macro-operators are added to the domain theory. Two factors account for this explosion:
the generality of the macro-operator consequents and the number of macro-operator antecedents. On the
other hand, the macro-operators acquired by rote learning are nothing more than cached axioms, with
very specific consequents and no antecedents. Their specificity guarantees their low overhead, but also
makes them less useful.11 In contrast, since the EBL*DI macro-operators are more general than those
acquired by rote learning, they are more widely useful. At the same time, their consequents are not
general enough to cause the branching factor explosion observed with traditional EBL.
The principal result is that the EBL*DI algorithm automatically performs generalized caching in the
LT domain: it is a general-purpose EBL algorithm, and not a special-purpose generalized caching
11

One of the techniques proposed in [Mooney89] was, in fact, to prohibit chaining on the antecedents of acquired macro-operators in order to reduce the branching factor explosion.
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algorithm. In fact, it is precisely the same algorithm used in the experiments of Sections 6.1 and 6.3.

6.3. Experiment 3
One of the original intuitions motivating EBL is that problem solvers are typically posed a series of
problems selected according to some skewed yet a priori unknown distribution. The desired effect of
learning is then to ‘‘tune’’ the problem solver to this particular query distribution, improving its overall
expected performance as a consequence. In this experiment, we use a synthetic domain theory to test the
performance of traditional EBL and EBL*DI on two different problem distributions, where one of the
distributions is uniform and one is weighted to a subspace of problems. Our hypotheses are that (i) both
EBL algorithms perform better on the skewed distribution, and (ii) the EBL*DI algorithm performs better
than the traditional EBL algorithm.
In order to have control over the query distribution, we use an artificial theory. The synthetic
domain theory used in our experiment (see Appendix C) consists of 330 rules and 38 facts. It was
generated in a restricted first-order language without function symbols: thus, while the theory may entail
an infinite number of valid proofs, there are only a finite number of atomic formulae within the deductive
closure. Restricting the language in this fashion allows us to efficiently compute the deductive closure in a
forward-chaining fashion. For the theory used here, there are 976 unique maximally general atomic
formulae within the deductive closure.
From this 976 element deductive closure, two 135 element problem sets are generated. The first set
is generated from a seed set sampled from the deductive closure according to a uniform probability
distribution, while the second set is generated from a seed set drawn according to a skewed probability
distribution. Queries are either identical to the seed formula, more specific instances of the seed formula
(if it contains universally quantified variables), or copies of the seed formula with new existentially
quantified variables replacing randomly selected seed formula constants. Thus while the queries so
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generated are guaranteed to have corresponding instances within the domain theory, finding proofs of
these queries may involve substantial search (a number of the queries generated do not yield a solution
within 2 ⋅ 107 node explorations by the non-learning system). The first quasi-uniformly distributed set
contains 113 unique queries, while the second set contains 96 unique queries (queries are duplicated due
either to repeated seeds or to the introduction of existentially quantified variables in the seed).
Each 135 element problem set is randomly partitioned into an 85 element training set and a 50
element test set. Ten such partitions are generated. For each partition, nine trials are performed for each
learning system. The first trial involves learning from 5 randomly selected problems from the training set
and testing on all 50 test problems. Each subsequent trial involves training on 10 additional randomly
selected training problems. All trials are performed with a 200,000 node exploration resource limit, and

Average Percentage of Unsolved Problems for k ≤ 85.
25
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EBL*DI
Traditional EBL
EBL*DI

20
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Uniform
Skewed
Skewed
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80
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k

Figure 7: Average percentage of unsolved test problems for nested training sets with k ≤ 85.
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results are compared to the performance of a non-learning system operating on identical test sets.
Figure 7 plots the average percentage of unsolved test problems and makes clear the effect of the
utility problem. The non-learning system is able to solve every test problem within the 200,000 node
exploration resource limit, while both learning systems lose the ability to solve a certain percentage of the
test problems within the same resource bound. The EBL*DI system’s intrinsically more useful macrooperators ability to mitigate the adverse effects of the utility problem are especially clear in the quasiuniform distribution case, where the effects of the utility problem are more pronounced. For the skewed
distribution case, the difference is much less striking, especially for smaller training sets. Both learning
systems suffer less in the skewed distribution case, where the training problems are by construction more
likely to reflect the composition of the test problem set.

CPU Time Ratio Summary Statistics for k ≤ 85.
1
CPU Time Ratio
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Figure 8: CPU time ratios for nested training sets with k ≤ 85.
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Of course, the adverse effects shown in Figure 7 should be balanced against any performance
improvement provided by the macro-operators on the remaining test problems. Figure 8 plots average
CPU time ratio for solved problems. As for Figure 7, we again see our hypotheses are supported. First, it
is clear that, regardless of learning algorithm employed, the skewed problem distribution case initially
yields more CPU time reduction than the quasi-uniform problem distribution case. This is due to the
greater ‘‘predictive power’’ of the training set with respect to the test set in the skewed distribution case;
as the training set size increases, this advantage disappears. Second, we see that the EBL*DI learning
system provides greater speedup than the traditional EBL algorithm for both problem distributions. Even
where the difference is not large, since the EBL*DI system leaves significantly fewer unsolved problems
than the traditional EBL system (Figure 7), this supports our hypothesis that EBL*DI macro-operators are
intrinsically more useful than macro-operators produced by a traditional EBL algorithm. Similar
conclusions are supported when one examines the node exploration ratios (Figure 9). In summary:
(1)

Independent of the distribution tested, the EBL*DI system solves more problems faster and with
fewer nodes explored than does the traditional EBL system within the same resource limit.

(2)

The performance of both learning algorithms is better on the skewed problem distribution than on
the quasi-uniform problem distribution. As expected, the proper selection of training problems
has an enormous impact on the overall usefulness of explanation-based learning, regardless of the
actual learning algorithm applied.
It should be mentioned that there is one source of experimental bias present in the results just

reported. As should be clear from Figure 7, due to the large size of the problems in both problem sets,
both systems often did not solve all of the test problems within the resource bounds imposed. For this
reason, the results shown in Figures 8 and 9 are optimistic estimates of the real values: increasing the
resource limits so that more problems are solved would most probably increase average CPU time ratios
as well as average node exploration ratios. The bias is more pronounced in the quasi-uniform distribution
case, where a larger number of problems were left unsolved. Thus, as shown in [Segre91b], it is
theoretically possible for the apparent advantage of the EBL*DI system over the EBL system to erode or
even to vanish entirely as the resource limit is increased. This eventuality is rather unlikely, however, as
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Node Exploration Ratio Summary Statistics for k ≤ 85.
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Figure 9: Node exploration ratios for nested training sets with k ≤ 85.

over all trials and for both distributions the problems solved by EBL*DI and unsolved by traditional EBL
outnumber the problems solved by traditional EBL and unsolved by EBL*DI by a margin of greater than
10 to 1.

7. Discussion
The EBL*DI algorithm is superior to traditional EBL algorithms in at least three ways. First, it is
able to acquire useful macro-operators in situations where traditional algorithms cannot, such as in the
determination example of Section 3.2. Second, it produces macro-operators of significantly greater utility
than those produced by traditional EBL algorithms, a claim supported empirically by the experimental
results of Section 6. Finally, the generality of EBL*DI’s control heuristics — which are declaratively
specified — allow the same algorithm to be used across a broad spectrum of application domains,
including the LT domain for which a special-purpose EBL algorithm was previously proposed.
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The work reported here naturally suggests several topics for further investigation. Perhaps the most
important unresolved issue is that added chunks of problem-solving knowledge may still in fact slow
down a problem solver. The utility problem is a fundamental dilemma, equally relevant to both forward
chaining and backward chaining problem solvers. In the domains we have tested, the EBL*DI algorithm
significantly postpones the onset of the utility problem by yielding more useful rules than traditional EBL
algorithms.
Research into protocols for using the EBL*DI algorithm could be highly productive, since many
protocol issues can influence significantly the utility of macro-operators acquired by EBL, in the case
both of control rules as acquired by PRODIGY and of domain rules as acquired by EBL*DI
[Markovitch93].12 The way in which the use of new rules is restricted by the search strategy of the
problem-solver is one such issue [Mooney89]. This issue is beyond the scope of the present paper,
although the EBL*DI algorithm is designed to perform generalized caching where possible, and
generalized caching may be viewed as the combination of general EBL with the search restriction that
learned rules must not have subgoals. Generalized caching is also reminiscent of the Soar idea of
avoiding expensive chunks by limiting their expressiveness [Tambe90].
Another protocol idea for addressing the utility problem is to merge and generalize control rules
inductively [Cohen90]. This idea is not directly compatible with the EBL*DI algorithm, since EBL*DI
acquires domain rules and is designed to preserve guaranteed soundness. A third important protocol
question is whether learning is done incrementally, or once from a fixed set of training problems. This
issue is not fully explored in the present paper, but Experiments 1 and 3 use a separate training phase,
while Experiment 2 is incremental, and EBL*DI performs well under both protocols. A final protocol

12

As mentioned in Section 2.3, caching is a special case of EBL, and some answers to these questions in the
context of caching are given in [Segre93b].
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question is whether the problems used for learning are randomly selected (as in Experiments 1 and 3), or
chosen by a teacher to be especially helpful (as in Experiment 2).
A related issue is the combination of EBL with other speedup learning methods, and in particular
with methods that learn from failures. EBL systems that learn control heuristics, as opposed to new
domain macro-operators, naturally learn from failed as well as from successful problem-solving episodes.
Success and failure caching are known to be cumulative [Elkan89a, Segre92, Segre93a], and integrating
EBL from success with EBL from failure has also been suggested [Carpineto90, Pazzani89].
In summary, the main contribution of this paper is the EBL*DI algorithm, a new explanation-based
learning method that outperforms traditional EBL algorithms in a diverse set of domains. We have also
introduced a novel framework for reconstructing and comparing deductively sound EBL algorithms, and
we have specified a family of EBL algorithms that is complete in the sense that it every deductively sound
EBL algorithm is equivalent to some algorithm in the family. We have also shown that this framework
has practical usefulness, by using it to give a rational reconstruction of a traditional EBL algorithm, as
well as a natural specification of the EBL*DI algorithm.
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Appendix A
Blocks world domain theory and randomly-ordered problem set used for the experiments reported in
Section 6.1. The domain theory describes a world containing 4 blocks, A, B, C, and D, stacked in various
configurations on a Table. It consists of 9 facts and 11 rules; there are 26 sample problems.

Facts
holds(on( A, Table), S 0 )
holds(on(B, Table), S 0 )
holds(on(C, D), S 0 )

holds(on(D, Table), S 0 )
holds(clear( A), S 0 )
holds(clear(B), S 0 )

holds(clear(C), S 0 )
holds(empty( ), S 0 )
holds(clear(Table), ?s)

Rules
holds(and(?x, ?y), ?s) ← holds(?x, ?s) ∧ holds(?y, ?s)
differ(?x, ?y) ← ?x ≠ ?y
holds(holding(?x), do( pickup(?x), ?s)) ← holds(empty( ), ?s) ∧ holds(clear(?x), ?s)
∧ differ(?x, table)
holds(clear(?y), do( pickup(?x), ?s)) ← holds(on(?x, ?y), ?s) ∧ holds(clear(?x), ?s)
∧ holds(empty( ), ?s)
holds(on(?x, ?y), do( pickup(?z), ?s)) ← holds(on(?x, ?y), ?s) ∧ differ(?x, ?z)
holds(clear(?x), do( pickup(?z), ?s)) ← holds(clear(?x), ?s) ∧ differ(?x, ?z)
holds(empty( ), do( putdown(?x, ?y), ?s))
holds(on(?x, ?y), do( putdown(?x, ?y), ?s))
holds(clear(?x), do( putdown(?x, ?y), ?s))
holds(on(?x, ?y), do( putdown(?z, ?w), ?s))
holds(clear(?z), do( putdown(?x, ?y), ?s))

←
←
←
←
←

holds(holding(?x), ?s) ∧ holds(clear(?y), ?s)
holds(holding(?x), ?s) ∧ holds(clear(?y), ?s)
holds(holding(?x), ?s) ∧ holds(clear(?y), ?s)
holds(on(?x, ?y), ?s)
holds(clear(?z), ?s) ∧ differ(?z, ?y)

Problem Set
holds(and(on(C, B), on(B, A)), ?s)
holds(on(C, Table), ?s)
holds(and(on(B, D), on( A, C)), ?s)
holds(and(clear(D), on( A, B)), ?s)
holds(and(on(D, B), on(B, C)), ?s)
holds(and(on( A, B), on(B, C)), ?s)
holds(on(D, A), ?s)
holds(and(on(D, B), on(C, A)), ?s)
holds(clear(D), ?s)
holds(and(on(C, D), on( A, C)), ?s)
holds(and(on( A, B), on(B, D)), ?s)
holds(and(on(D, A), on( A, C)), ?s)
holds(and(on(B, A), on(C, B)), ?s)

holds(and(on(C, A), on(D, B)), ?s)
holds(on( A, D), ?s)
holds(and(on( A, B), clear(D)), ?s)
holds(and(on( A, D), on(D, B)), ?s)
holds(and(on( A, C), on(C, B)), ?s)
holds(and(on(B, C), on( A, B)), ?s)
holds(on( A, C), ?s)
holds(on(D, C), ?s)
holds(and(on(B, D), on(C, A)), ?s)
holds(and(on( A, C), on(C, D)), ?s)
holds(and(on( A, B), on(D, C)), ?s)
holds(and(on(D, C), on(C, B)), ?s)
holds(and(on(C, B), on(D, C)), ?s)
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Appendix B
Logic Theorist domain theory and ordered problem set used for the experiments reported in Section
6.2. The domain theory consists of 5 facts and 3 rules; there are 87 sample problems.

Facts
axm(or(not(or(?a, ?a)), ?a))
axm(or(not(?a), or(?b, ?a)))
axm(or(not(or(?a, ?b)), or(?b, ?a)))
axm(or(not(or(?a, or(?b, ?c))), or(?b, or(?a, ?c))))
axm(or(not(or(not(?a), ?b)), or(not(or(?c, ?a)), or(?c, ?b))))
Rules
thm(?x) ← axm(?x)
thm(?x) ← axm(or(not(?y), ?x)) ∧ thm(?y)
thm(or(not(?x), ?z)) ← axm(or(not(?x), ?y)) ∧ thm(or(not(?y), ?z))
Problem Set
thm(or(not(or(not(P), not(P))), not(P)))
thm(or(not(Q), or(not(P), Q)))
thm(or(not(or(not(P), not(Q))), or(not(Q), not(P))))
thm(or(not(or(not(P), or(not(Q), R))), or(not(Q), or(not(P), R))))
thm(or(not(or(not(Q), R)), or(not(or(not(P), Q)), or(not(P), R))))
thm(or(not(or(not(P), Q)), or(not(or(not(Q), R)), or(not(P), R))))
thm(or(not(P), or(P, P)))
thm(or(not(P), P))
thm(or(P, not(P)))
thm(or(not(P), not(not(P))))
thm(or(P, not(not(not(P)))))
thm(or(not(not(not(P))), P))
thm(or(not(or(not(not(P)), Q)), or(not(not(Q)), P)))
thm(or(not(or(not(P), Q)), or(not(not(Q)), not(P))))
thm(or(not(or(not(not(Q)), not(P))), or(not(P), Q)))
thm(or(not(or(not(not(P)), P)), P))
thm(or(not(P), or(P, Q)))
thm(or(not(not(P)), or(not(P), Q)))
thm(or(not(P), or(not(not(P)), Q)))
thm(or(P, or(not(or(P, Q)), Q)))
thm(or(not(P), or(not(or(not(P), Q)), Q)))
thm(or(not(or(P, or(Q, R))), or(P, or(R, Q))))
thm(or(not(or(P, or(Q, R))), or(or(P, Q), R)))
thm(or(not(or(or(P, Q), R)), or(P, or(Q, R))))
thm(or(not(or(not(Q), R)), or(not(or(P, Q)), or(R, P))))
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thm(or(not(or(not(Q), R)), or(not(or(Q, P)), or(P, R))))
thm(or(not(or(not(Q), R)), or(not(or(Q, P)), or(R, P))))
thm(or(not(or(P, or(P, Q))), or(P, Q)))
thm(or(not(or(Q, or(P, Q))), or(P, Q)))
thm(or(not(or(not(P), or(not(P), Q))), or(not(P), Q)))
thm(or(not(not(or(P, Q))), not(P)))
thm(or(not(not(or(P, Q))), not(Q)))
thm(or(not(not(or(P, Q))), or(not(P), Q)))
thm(or(not(not(or(P, Q))), or(P, not(Q))))
thm(or(not(not(or(P, Q))), or(not(P), not(Q))))
thm(or(not(not(or(not(P), Q))), or(not(not(P)), Q)))
thm(or(not(not(or(not(P), Q))), or(not(P), not(Q))))
thm(or(not(not(or(not(P), Q))), or(not(not(P)), not(Q))))
thm(or(not(not(or(not(P), Q))), or(not(Q), P)))
thm(or(not(or(P, Q)), or(not(not(P)), Q)))
thm(or(not(or(not(not(P)), Q)), or(P, Q)))
thm(or(not(not(P)), or(not(or(P, Q)), Q)))
thm(or(not(not(Q)), or(not(or(P, Q)), P)))
thm(or(not(not(P)), or(not(Q), or(not(or(not(P), Q)), Q))))
thm(or(not(or(not(P), Q)), or(not(or(not(not(P)), Q)), Q)))
thm(or(not(or(P, Q)), or(not(or(not(P), Q)), Q)))
thm(or(not(or(not(P), Q)), or(not(or(P, Q)), Q)))
thm(or(not(or(P, Q)), or(not(or(P, not(Q))), P)))
thm(or(not(or(not(P), Q)), or(not(or(not(P), not(Q))), not(P))))
thm(or(not(or(not(or(P, Q)), Q)), or(not(P), Q)))
thm(or(not(or(not(or(not(P), Q)), Q)), or(P, Q)))
thm(or(not(or(not(or(not(P), Q)), Q)), or(not(or(not(Q), P)), P)))
thm(or(not(or(not(P), Q)), or(not(or(or(P, Q), R)), or(Q, R))))
thm(or(not(or(not(Q), P)), or(not(or(or(P, Q), R)), or(P, R))))
thm(or(not(or(P, Q)), or(not(or(P, or(not(Q), R))), or(P, R))))
thm(or(not(or(P, or(not(Q), R))), or(not(or(P, Q)), or(P, R))))
thm(or(not(or(not(P), or(not(Q), R))), or(not(or(not(P), Q)), or(not(P), R))))
thm(or(not(or(Q, R)), or(not(or(not(R), S)), or(Q, S))))
thm(or(not(or(not(Q), or(not(R), S))), or(not(or(P, Q)), or(not(or(P, R)), or(P, S)))))
thm(or(not(or(or(P, Q), R)), or(not(or(or(P, not(R)), S)), or(or(P, Q), S))))
thm(or(not(or(not(P), or(not(Q), R))), or(not(or(not(P), or(not(R), S))), or(not(P), or(not(Q), S)))))
thm(or(not(or(not(or(P, Q)), or(P, R))), or(P, or(not(Q), R))))
thm(or(not(or(not(or(not(P), Q)), or(not(P), R))), or(not(P), or(not(Q), R))))
thm(or(not(and(P, Q)), not(or(not(P), not(Q)))))
thm(or(not(not(or(not(P), not(Q)))), and(P, Q)))
thm(or(not(P), or(not(Q), and(P, Q))))
thm(or(not(not(and(P, Q))), or(not(P), not(Q))))
thm(or(not(or(not(P), not(Q))), not(and(P, Q))))
thm(or(not(Q), or(not(P), and(P, Q))))
thm(or(not(and(P, Q)), and(Q, P)))
thm(not(and(P, not(P))))
thm(or(not(and(P, Q)), P))
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thm(or(not(and(P, Q)), Q))
thm(or(not(or(not(and(P, Q)), R)), or(not(P), or(not(Q), R))))
thm(or(not(or(not(P), or(not(Q), R))), or(not(and(P, Q)), R)))
thm(or(not(and(or(not(P), Q), or(not(Q), R))), or(not(P), R)))
thm(or(not(and(or(not(Q), R), or(not(P), Q))), or(not(P), R)))
thm(or(not(and(P, or(not(P), Q))), Q))
thm(or(not(or(not(and(P, Q)), R)), or(not(and(P, not(R))), not(Q))))
thm(or(not(and(P, Q)), or(not(P), Q)))
thm(or(not(or(not(P), R)), or(not(and(P, Q)), R)))
thm(or(not(or(not(Q), R)), or(not(and(P, Q)), R)))
thm(or(not(and(or(not(P), Q), or(not(P), R))), or(not(P), and(Q, R))))
thm(or(not(and(or(not(Q), P), or(not(R), P))), or(not(or(Q, R)), P)))
thm(or(not(or(not(P), Q)), or(not(and(P, R)), and(Q, R))))
thm(or(not(and(or(not(P), R), or(not(Q), S))), or(not(and(P, Q)), and(R, S))))
thm(or(not(and(or(not(P), R), or(not(Q), S))), or(not(or(P, Q)), or(R, S))))
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Appendix C
Synthetic domain theory and problem sets used for the experiments reported in Section 6.3. The
domain theory consists of 38 facts and 330 rules; there are two sets of 135 sample problems each.

Facts
s0 (D)
s0 (B)
r 0 (B)
r 0 (E)
q 0 (?x, D)
q 0 (B, E)
q 0 (D, D)
q 0 (D, B)
q 0 (D, C)
q 0 ( A, B)

q 0 (E, D)
q 0 (B, B)
p0 (B, D)
p0 (B, ?x)
p0 (C, B)
p0 (B, C)
n0 (D, C)
n0 (E, E)
n0 (C, D)
n0 (B, A)

n0 (D, E)
n0 (D, B)
n0 (E, B)
n0 ( A, B)
m 0 (?x, D, ?y)
m 0 ( A, E, E)
m 0 (E, B, C)
m 0 (B, B, E)
m 0 (D, E, C)
m 0 (B, A, A)

m 0 (E, D, A)
m 0 (E, D, E)
m 0 ( A, ?x, A)
m 0 (C, B, A)
l 0 ( A)
l 0 (C)
k 0 (E)
k 0 (B)

Rules
k 1 (?i)
l 1 (?g, ?g)
l 1 (?c, ?d)
l 1 (?a, ?a)
m 1 (?b, ?c, ?b)
m 1 (? j, ? j, ? j)
m 1 (?g, ?h, ?g)
m 1 (B, B, B)
m 1 (?d, ?d, ?d)
m 1 (?b, ?b, C)
m 1 (? j, ? j, ?a)
m 1 (E, E, E)
m 1 (?h, ?h, ?h)
m 1 (?e, ?e, ?e)
m 1 (?b, ?c, ?c)
m 1 (?h, ?i, ?i)
m 1 (? f , ? f , ? f )
m 1 (?c, ?c, ?c)
m 1 (?a, ?b, C)
m 1 (C, C, C)
m 1 (?i, ? j, ?i)
m 1 (E, E, E)
m 1 ( A, A, A)
m 1 (? f , A, ?g)
m 1 (?c, ?c, ?c)
m 1 (?a, ?a, ?a)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

n0 (? j, ?i)
n0 (?h, ?g)
p0 (?e, ?c) ∧ r 0 (? f ) ∧ m 0 (?d, ?c, ?e)
k 1 (?a) ∧ l 0 (?b) ∧ l 1 (?b, ?b)
m 0 (?c, ?c, ?b)
m 0 (?a, ?a, ? j)
p0 (?i, ?h) ∧ r 0 (?g)
l 0 (B)
s0 (?e) ∧ r 0 (?e) ∧ q 0 (? f , ?d)
n0 (?c, ?c) ∧ l 1 (C, C) ∧ p0 (?c, ?b)
k 0 (? j) ∧ n0 (?a, ?a)
r 0 (E)
q 0 (?i, ?h)
m 0 (? f , ?g, ?e)
l 0 (?d) ∧ m 0 (?c, ?c, ?b)
m 1 (? j, ?i, ?h) ∧ m 1 (? j, ?a, ?i)
s0 (? f ) ∧ q 0 (?g, D)
q 0 (?d, ?e) ∧ q 0 (?d, ?c)
r 0 (C) ∧ s0 (D) ∧ q 0 (?b, D) ∧ p0 (?a, ?b)
l 0 (C)
l 0 (?i) ∧ k 0 (? j)
s0 (E)
l 0 ( A) ∧ s0 (D)
m 0 ( A, ?h, A) ∧ q 0 (? f , ?g) ∧ m 1 (?g, C, ?g)
m 0 (?d, ?e, ?c)
l 0 (?a) ∧ l 0 (?b) ∧ p0 (?b, D)
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m 1 (B, B, B)
m 1 (? j, ? j, ? j)
m 1 (?h, ?i, ?h)
m 1 (E, E, E)
m 1 (C, A, C)
m 1 (? f , ? f , ? f )
m 1 (?c, ?c, ?c)
m 1 (?a, ?b, ?b)
m 1 (?i, ? j, ?i)
n1 (?a, ?a, ?b)
n1 (?h, ?i, ?h)
n1 (?g, ?g, ?g)
n1 (?e, C, ?e)
n1 (?c, E, E)
n1 (E, E, ?b)
n1 (?h, ?h, ?h)
n1 (?g, ?g, ?g)
n1 (?d, ?e, ?d)
n1 (D, D, D)
n1 (?a, ?a, ?a)
n1 (?i, D, ? j)
n1 (? f , ? f , ? f )
n1 (C, C, C)
n1 (?d, ?e, ?d)
n1 (?b, ?b, ?b)
n1 (?i, ?i, ?i)
n1 ( A, ?h, B)
n1 (?e, ? f , ? f )
n1 (D, E, E)
n1 ( A, A, A)
n1 (?d, ?d, ?d)
n1 (?b, ?b, ?b)
n1 (?h, ?h, ?i)
n1 (D, D, B)
n1 (?g, ?g, ?g)
n1 (?d, ?d, ?d)
p1 (?d, ?d, ?e)
p1 (?a, ?a, ?a)
p1 (?i, ?i, ?i)
p1 (?g, ?g, ?g)
p1 (?e, ?e, ?e)
p1 (?d, ?d, ?d)
p1 (?b, ?b, ?c)
p1 (C, C, C)
p1 (?h, ?i, ?h)
p1 (? f , ? f , ? f )
p1 (?d, ?d, ?d)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

q 0 (C, D) ∧ l 1 ( A, B)
l 0 (? j) ∧ k 0 (? j) ∧ m 0 (? j, ? j, ? j)
p0 (?h, ?i) ∧ s0 (?h)
r 0 (E)
r 0 (E) ∧ m 0 ( A, E, C) ∧ r 0 (?g) ∧ k 0 (E)
s0 (? f )
q 0 (?d, ?d) ∧ m 1 (?e, ?d, ?c)
k 1 ( A) ∧ k 1 (?b) ∧ q 0 (?a, ?a)
r 0 (?i) ∧ l 0 (? j)
m 0 (B, ?b, ?a)
p0 (? j, ?h) ∧ l 0 (?i) ∧ r 0 (?h)
n0 (?g, ?g) ∧ q 0 ( A, ?g)
m 0 (? f , ?e, C)
m 0 (?c, ?d, E) ∧ k 1 (?c)
s0 (B) ∧ m 1 (B, ?b, E)
m 0 (?i, ? j, ?i) ∧ k 0 (?h) ∧ q 0 (?a, ? j)
k 1 (?g) ∧ p0 (?g, ?g)
p0 (?d, ?d) ∧ p0 (?e, ? f )
q 0 (D, D)
m 1 (?b, ?c, ?a) ∧ k 0 (?b)
p0 (? j, ? j) ∧ r 0 (?i) ∧ l 1 (? j, D)
m 0 (?g, ?h, ?h) ∧ m 0 (?h, ? f , ?g) ∧ n1 (? f , ? f , ? f )
l 0 (C)
s0 (B) ∧ l 0 (?d) ∧ p0 (B, ?e)
m 1 (C, ?b, ?c) ∧ m 0 (B, ?c, C) ∧ n1 (?c, ?b, ?c)
m 0 (? j, ? j, ? j) ∧ k 1 (?i) ∧ s0 (?i) ∧ p0 (?a, ? j)
p0 (?h, D) ∧ p0 ( A, B)
l 0 (?g) ∧ l 1 (?g, ?e) ∧ n1 (?e, ? f , ?e)
p0 (D, D) ∧ n1 (E, E, E) ∧ r 0 (B)
l 0 ( A) ∧ r 0 ( A)
r 0 (?d)
l 1 (?c, ?b) ∧ n0 (?c, ?b)
m 0 (? j, ?a, ?a) ∧ m 0 (?i, ? j, ?h)
q 0 (B, E) ∧ m 1 (D, E, E) ∧ k 0 (B)
k 0 (?g) ∧ s0 (?g)
m 0 (?e, ?e, ? f ) ∧ n1 (?e, ?d, ?e)
n0 (D, ?d) ∧ k 0 (?e)
m 0 (?b, ?c, B) ∧ l 0 (?a)
l 1 (? j, ? j) ∧ p0 (?i, ? j) ∧ n0 (? j, ? j)
n0 (?h, ?g)
q 0 (? f , ?e)
k 0 (?d)
p0 (?c, ?b)
p0 ( A, C)
l 0 (? j) ∧ p1 (?i, ?a, ?h) ∧ s0 (B)
s0 (?g) ∧ s0 (? f )
n0 (E, B) ∧ k 0 (B) ∧ k 0 (?d) ∧ k 1 (?e)
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p1 (?b, ?b, ?c)
p1 ( A, A, A)
p1 (B, B, B)
p1 (C, E, B)
p1 (D, D, B)
p1 (?a, ?a, ?a)
p1 (?g, ?g, ?g)
p1 (?b, ?b, ?b)
p1 (?h, ?i, ? j)
p1 (? f , B, ?g)
p1 (?d, ?d, ?d)
p1 (?b, ?b, ?b)
p1 (?i, ?i, ?i)
p1 ( A, B, A)
p1 ( A, A, A)
p1 (D, D, ?h)
p1 (E, E, E)
p1 (?c, ?c, ?c)
q 1 (? j, ?a, ? j)
q 1 (?h, ?h, ?h)
q 1 (B, E, E)
q 1 (? f , ?g, ?g)
q 1 (?b, ?b, ?b)
q 1 (?a, ?a, ?a)
q 1 (?h, ?h, ?h)
q 1 (?e, ? f , ? f )
q 1 (?c, ?c, ?c)
q 1 (?b, ?b, ?b)
q 1 (? j, ? j, ? j)
q 1 (?i, ?i, ?i)
q 1 (?e, ? f , ?e)
q 1 (?c, ?c, ?d)
q 1 (?b, ?b, ?b)
q 1 (E, ?a, ?a)
q 1 (?h, ?h, ?h)
q 1 (?e, ?e, ? f )
q 1 (?b, ?b, ?b)
q 1 (D, D, C)
q 1 (?a, ?a, ?a)
q 1 (?h, ?h, ?i)
q 1 (? f , ? f , ? f )
q 1 (B, B, B)
q 1 (?e, ?e, ?e)
q 1 (D, D, D)
q 1 (?c, ?c, ?c)
q 1 (?b, B, B)
q 1 (B, B, B)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

p0 (?c, ?b) ∧ r 0 (?b)
p0 (B, A)
p1 (B, B, B) ∧ s0 (D)
m 0 (B, C, E)
p0 (D, B) ∧ m 0 (E, A, A)
k 0 (E) ∧ k 1 (?a) ∧ l 0 (C)
n0 (?h, ?h) ∧ l 0 (?i) ∧ n1 (?h, ? j, ?g)
m 1 (?c, ?d, ?b) ∧ q 0 (?d, ?e) ∧ l 0 (? f )
m 0 (? j, ?h, ?a) ∧ p1 (? j, ?h, ?a)
m 1 (? f , ?g, B) ∧ k 0 (?g)
m 0 (B, ?e, B) ∧ l 1 (?d, B)
p0 (?c, ?b)
l 0 (?i) ∧ m 0 (? j, ?a, ?i)
r 0 (B) ∧ p1 ( A, A, A)
l 0 ( A)
s0 (?h) ∧ n1 (C, D, ?h) ∧ r 0 (D) ∧ n0 (C, ?h)
r 0 (E) ∧ k 0 (E)
q 0 (?d, ?e) ∧ k 1 (? f ) ∧ n1 (?d, ?c, ?g)
n0 (?b, ?a) ∧ p0 (?c, ? j)
q 0 (?i, ?h)
s0 (E) ∧ k 0 (B) ∧ l 0 (C)
p0 (?g, ? f )
n1 (?c, ?d, ?d) ∧ p0 (?c, ?e) ∧ m 1 (?b, ?d, ?c) ∧ q 1 (?e, ?c, ?d)
s0 (?a)
s0 (?h) ∧ m 0 (?i, ?i, ? j)
k 0 (?g) ∧ l 0 (?e) ∧ q 1 (? f , ? f , ?g)
n0 (?d, ?c)
k 1 (?b) ∧ q 0 (?b, B) ∧ p1 (B, B, ?b)
k 0 (? j) ∧ l 0 (?a)
m 0 (?i, C, B)
l 0 (?e) ∧ r 0 (?g) ∧ p0 (?h, ?e) ∧ q 0 (? f , ? f )
s0 (?c) ∧ p0 (?d, D)
s0 (?b)
m 0 (?a, D, ?a) ∧ m 0 (E, D, ?a)
p0 (?i, ? j) ∧ p1 (?h, B, B) ∧ q 0 (B, B)
p0 (?g, ?g) ∧ q 0 (? f , ?e) ∧ k 1 (?e)
m 0 (?c, ?d, ?b)
m 0 (C, B, A) ∧ m 1 (C, D, A)
k 1 (?a) ∧ s0 (B)
r 0 (? j) ∧ m 1 (?h, ?i, ?i)
m 0 (? f , ? f , ?g) ∧ k 0 (?g)
l 0 (B)
r 0 (?e)
k 0 (E) ∧ s0 (D)
p0 (B, D) ∧ s0 (B) ∧ n1 (?d, D, ?c)
s0 (?b) ∧ s0 (B)
r 0 (B)
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q 1 (?i, ?i, ?i)
q 1 (?g, ?g, ?g)
q 1 (? f , ? f , ? f )
r 1 (?d)
s1 (?i)
s1 (? f )
k 2 (?c, ?d)
k 2 (?b, ?b)
k 2 (? j, ? j)
k 2 (E, E)
l 2 (?d, ?e)
l 2 (C, C)
l 2 (? j, ? j)
l 2 (?g, ?g)
m 2 (? f )
m 2 (B)
n2 (?a)
n2 ( A)
n2 (C)
n2 (E)
p2 (?b, A, ?b)
p2 (? j, ? j, ? j)
p2 (C, E, E)
p2 (B, C, A)
p2 (E, ?g, ?h)
p2 (?c, ?d, ?d)
p2 (E, C, C)
p2 (? j, ? j, ? j)
p2 (?h, ?h, D)
p2 (? f , ? f , ? f )
p2 (D, D, D)
p2 (?c, ?d, ?d)
p2 (?b, ?b, ?b)
p2 (?a, ?a, ?a)
p2 (?h, ?i, ?i)
p2 (? f , E, ?g)
p2 (?e, ?e, ?e)
p2 (?b, ?b, ?c)
p2 (?a, ?a, ?a)
p2 (?h, ?h, ?h)
p2 (D, B, B)
p2 (B, C, C)
p2 (?e, ?e, ?e)
p2 (?b, ?b, ?b)
p2 (?i, ?i, ?i)
p2 ( A, ?h, D)
p2 (?g, ?g, ?g)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

m 0 (? j, ?a, ?i)
m 0 (?g, ?h, ?g)
m 0 (C, ? f , ? f ) ∧ r 0 (? f )
q 0 (?d, ?e) ∧ s0 (D) ∧ q 1 (D, ?e, D)
p0 (?i, ?i)
q 0 (? f , ?g) ∧ s1 (?h)
m 1 (?e, ?d, ?c) ∧ k 1 (? f ) ∧ k 2 (? f , ?d)
n1 (E, D, ?b) ∧ m 1 (?b, E, ?b) ∧ q 1 (?b, ?b, D)
q 1 (?a, ? j, ? j)
l 1 (E, E)
s1 (?d) ∧ n0 (E, ?e) ∧ l 2 (?e, ?e)
l 2 (C, C) ∧ l 1 (E, E)
p0 (?a, ?a) ∧ s1 (?b) ∧ m 0 (?c, ?b, ? j)
m 0 (?h, ?g, ?i) ∧ m 1 (?i, ?h, ?h) ∧ p0 (?h, ?g)
s0 (? f ) ∧ l 1 (?g, ?h)
k 1 (B)
p1 (?b, ?c, ?a)
m 1 (B, A, E) ∧ k 1 (C) ∧ n1 (E, A, E) ∧ q 1 (C, A, D)
l 1 (E, C) ∧ k 0 (B)
r 1 (B) ∧ r 0 (E) ∧ p1 (B, ?i, ? j)
q 1 (?b, A, ?b)
k 1 (?a) ∧ k 0 (?a) ∧ l 2 ( A, ?a) ∧ k 2 (? j, A)
l 1 (C, B) ∧ q 1 (E, E, E)
r 0 (E) ∧ n1 (C, ?i, ?i) ∧ p0 (B, ?i) ∧ k 2 (C, A)
r 0 (E) ∧ p1 (?g, ?h, E)
p1 (?c, ?e, ? f ) ∧ l 1 (?e, ? f ) ∧ p2 (?c, ?d, ?c)
r 1 (D) ∧ l 1 (E, C)
m 1 (?a, ?b, ? j) ∧ p2 (?a, ? j, ?a)
r 1 ( A) ∧ m 0 (?i, ?h, D)
m 1 (?g, ?g, ? f )
k 1 (D) ∧ s0 (D)
n1 (?e, ?d, ?e) ∧ p0 (?c, ?d) ∧ p2 (?c, ?d, ?c)
n1 (D, D, ?b)
q 1 (?a, ?a, ?a)
k 1 (? j) ∧ p2 (E, ?h, ?i)
n1 (E, ? f , A) ∧ q 1 ( A, ?g, ? f )
l 1 (?e, D)
q 1 (C, ?b, ?d) ∧ s1 (C) ∧ s0 (E) ∧ p2 (?b, ?d, ?b)
k 1 (?a)
m 1 ( A, A, ?i) ∧ p2 ( A, ? j, ?h)
p1 (D, B, E)
p1 (?g, B, B) ∧ n1 (E, E, ?g) ∧ q 1 (E, C, ?g)
q 1 (? f , C, ? f ) ∧ k 2 (?e, C)
p0 (?b, ?b) ∧ r 1 (?c) ∧ p2 (?d, ?c, ?b)
q 1 (? j, ?a, ? j) ∧ p2 (? j, ? j, ?a)
n0 (?h, D) ∧ m 1 ( A, ?h, D)
s1 (?g) ∧ k 1 (?g)
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p2 ( A, C, B)
p2 (?d, ?d, ?d)
p2 (?c, E, ?c)
p2 (?a, ?a, ?a)
p2 ( A, A, A)
p2 (?i, ?i, ?i)
p2 (?h, ?h, ?h)
p2 (? f , ? f , ? f )
p2 (?d, ?e, ?d)
q 2 (?e, ? f , ? f )
q 2 (?b, ?b, ?b)
q 2 (? j, ? j, ? j)
q 2 (D, A, A)
q 2 (?i, ?i, ?i)
q 2 (? f , ?g, ? f )
q 2 (?d, C, ?e)
q 2 (?b, ?b, ?b)
q 2 (?i, ?i, ?i)
q 2 (?g, ?g, ?h)
q 2 (?c, ?d, ?c)
r 2 (?g)
s2 (?h)
s2 (D)
s2 (D)
k 3 (? j, ?a, ? j)
k 3 (?h, ?h, ?h)
k 3 (? f , ? f , ?g)
k 3 (C, C, C)
k 3 (?c, ?c, ?c)
k 3 (?a, ?a, ?a)
k 3 (C, C, C)
k 3 (?i, ? j, ? j)
k 3 (? f , ? f , ? f )
k 3 (?b, ?b, ?c)
k 3 (?g, ?g, ?h)
k 3 (D, D, D)
k 3 ( A, A, A)
k 3 (?e, ?e, ?e)
k 3 (?c, ?d, ?c)
k 3 (? j, ? j, ? j)
k 3 (?i, ?i, ?i)
k 3 (?e, ?e, ?e)
k 3 (?d, ?d, ?d)
k 3 (?c, ?c, ?c)
k 3 (?b, ?b, ?b)
k 3 (?i, ?i, ?i)
k 3 (C, C, C)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

l 1 (E, C) ∧ l 2 (E, B) ∧ r 1 (E) ∧ m 1 (D, A, C)
q 1 (?e, ?e, ?e) ∧ p1 (?d, ? f , ?d)
n1 (?c, E, E)
n1 (?b, ?b, ?b) ∧ p0 (?a, ?a)
p1 (E, E, A)
r 1 (? j) ∧ r 0 (?i)
n2 (?h) ∧ k 1 (E)
l 1 (?g, ? f )
m 1 (?e, ?d, ?e)
k 0 (? f ) ∧ p1 (?e, ?e, ?e)
q 0 (?c, ?b) ∧ n1 (?c, ?b, ?d)
k 1 (?a) ∧ n1 (? j, ? j, ?a)
q 2 (D, C, A) ∧ s1 (C) ∧ q 0 (E, C)
p1 (?i, ?i, ?i)
p1 (? f , ? f , ?h) ∧ n1 (?g, ? f , ?h) ∧ q 2 (?g, ?h, ? f )
k 1 (?e) ∧ l 0 (C) ∧ l 2 (?e, ?d)
q 1 (?c, C, ?b)
n1 (? j, D, ?a) ∧ k 1 (?i) ∧ q 2 (?a, ?a, ? j)
l 1 (?h, ?g)
r 1 (?d) ∧ m 0 (?e, ? f , ?c) ∧ k 0 (?d) ∧ q 2 (?d, ?d, ?d)
r 1 (?g) ∧ l 0 (?g)
q 2 (B, ?h, B) ∧ s1 (B)
s1 ( A) ∧ s0 (D)
r 1 (D) ∧ s1 (D)
s1 (?a) ∧ p2 (?b, ?a, ?c) ∧ n0 (? j, ?c)
s1 (?h) ∧ q 2 (D, ?i, D) ∧ s2 (?i)
k 2 (?g, ? f )
s2 (E) ∧ k 2 (C, E)
p2 (?d, ?e, ?d) ∧ m 1 (?c, ?c, ?e)
l 2 (?b, B) ∧ k 1 (?a)
k 0 ( A) ∧ r 2 (C)
l 1 (? j, ?i) ∧ k 3 (?i, ? j, ? j)
p2 (?g, ?h, E) ∧ s1 (?g) ∧ k 3 (? f , ?g, ?g)
p1 (?c, ?d, ?b) ∧ m 2 (?e) ∧ m 2 (?d)
q 0 (?i, ?h) ∧ k 2 (?g, ? j) ∧ k 3 (?h, ?a, ? j)
p1 ( A, D, B) ∧ r 2 ( A) ∧ l 2 (E, B)
r 2 ( A)
p2 (? f , ?e, ?e)
p2 (?d, ?c, ?c)
p0 (?a, ? j) ∧ k 3 (? j, ? j, ? j) ∧ k 3 (?a, ? j, ?b)
r 2 (C) ∧ l 1 (B, ?i)
m 2 (? f ) ∧ l 1 (?g, ?h) ∧ s2 (?e) ∧ k 3 (?g, ?h, ?g)
n2 (?d)
l 0 (?c) ∧ r 2 (E) ∧ r 0 (E)
m 2 (?b)
r 1 (?i) ∧ p2 (? j, ?a, ?a)
r 2 (C)
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l 3 (?g, ?h)
l 3 (?d, ?d)
l 3 (?c, ?c)
l 3 (?b, ?b)
l 3 (?i, ?i)
l 3 (?g, ?g)
l 3 (D, D)
l 3 (?d, ?d)
l 3 (C, C)
l 3 (D, C)
m 3 (? j, ?a, ? j)
m 3 (?g, ?g, ?g)
m 3 (?c, ?c, ?c)
m 3 (? j, ?a, ?a)
m 3 (B, B, B)
m 3 (C, B, D)
m 3 (?h, ?i, ?h)
m 3 (?g, ?g, ?g)
m 3 (?e, ?e, ?e)
m 3 (?d, E, E)
m 3 (?b, ?b, ?c)
m 3 (?a, ?a, ?a)
m 3 (? j, C, ? j)
m 3 (?i, ?i, ?i)
m 3 (B, B, B)
n3 (?d)
p3 (?c, ?d, ?e)
p3 (? j, ?a, ?b)
p3 (?i, D, E)
p3 (?h, ?h, ?h)
p3 (?e, ?e, ?e)
p3 (?d, ?d, ?d)
p3 (?a, ?a, ?a)
p3 (?i, ?i, ?i)
p3 (?h, ?h, ?h)
p3 (?e, ?e, ?e)
p3 (?a, ?b, ?b)
p3 (?h, ?h, ?h)
p3 (B, C, B)
p3 (E, B, E)
q 3 (?g, ?h)
q 3 (?e, ?e)
q 3 (?b, ?c)
q 3 (?i, ?i)
q 3 (?g, ?g)
r 3 (?g, ?h, ?h)
r 3 (?d, ?d, ?d)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

r 0 (?g) ∧ p2 (?g, ?h, ?g)
p1 (?d, ?d, ?e) ∧ p2 (?e, ? f , ?d)
n2 (?c) ∧ m 2 (B)
r 2 (?b)
n2 (? j) ∧ l 1 (?a, ?i) ∧ l 3 (?a, ?a)
s2 (?h) ∧ l 1 (?g, ?g)
k 2 ( A, D)
k 3 (?e, ?d, ?d) ∧ l 2 (? f , ? f )
k 2 (B, C)
s2 (D) ∧ k 3 ( A, C, A) ∧ r 0 (B)
m 0 (?b, ?b, ?a) ∧ l 2 (?c, ? j) ∧ m 0 (? j, ?c, ?c) ∧ s2 (?b)
k 2 (?h, ?i) ∧ m 3 (?g, ?i, ?g) ∧ n0 (?i, A) ∧ l 2 ( A, A)
q 0 (?d, ?e) ∧ s0 (? f ) ∧ s2 (?e) ∧ r 2 (?c)
n2 (? j) ∧ m 2 (?a) ∧ m 3 (?b, ? j, ?b)
q 2 ( A, B, A)
l 1 (D, B) ∧ m 2 (D) ∧ q 2 (B, C, D)
r 2 (?h) ∧ k 2 (C, ?i)
l 2 (?g, ?g) ∧ n2 (?g)
n2 (?e) ∧ m 2 (? f )
n2 (E) ∧ p2 (?d, E, E)
r 2 (?c) ∧ k 3 (?b, ?c, ?b)
n2 (?a)
s2 (C) ∧ q 2 (? j, C, C)
p2 (?i, ?i, ?i)
l 2 ( A, B)
p2 (?e, ? f , ?d)
q 2 (? f , D, ?c) ∧ k 2 (?d, ?e)
r 2 (?a) ∧ k 3 (?a, ?b, ? j)
l 3 (B, E) ∧ p2 (D, B, C) ∧ n3 (?i) ∧ q 2 (?i, D, ?i)
n2 (?h)
l 1 (? f , ? f ) ∧ l 3 (? f , ?e) ∧ p3 (?g, ?g, ? f )
l 2 (?d, ?d)
n2 (?a) ∧ q 2 (?b, ?c, ?a) ∧ s1 (?b)
p2 (? j, ?i, ?i) ∧ n3 (?i)
k 1 (?h) ∧ n2 (?h)
k 1 (?e) ∧ q 2 (? f , ?g, ?e)
m 3 (?b, ?c, ?d) ∧ p2 (?a, ?b, ?d)
q 0 (?i, ?h) ∧ k 2 (? j, ? j)
k 2 (C, B)
m 3 (E, ?g, E) ∧ q 2 (?g, ?g, B)
q 2 (?i, ?g, ?h) ∧ n0 (?i, ?g)
p2 (? f , ?e, ?e) ∧ q 3 (? f , ?e)
n1 (?d, ?b, ?c) ∧ s2 (?b) ∧ q 3 (?c, ?b)
r 2 (?i) ∧ s1 (? j) ∧ l 2 (?a, ?a)
m 0 (?h, D, ?h) ∧ k 1 (?g) ∧ r 2 (D) ∧ q 3 (?h, ?g)
s2 (?h) ∧ l 2 (C, ?g)
l 1 (?e, ? f ) ∧ n1 (? f , ? f , ? f ) ∧ r 2 (?d)
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r 3 (?a, ?a, ?a)
r 3 (?i, ?i, ?i)
r 3 (?h, ?h, ?h)
r 3 (? f , ? f , ? f )
r 3 (?e, ?e, ?e)
r 3 (?b, ?c, ?b)
r 3 (?h, ?h, ?i)
r 3 ( A, A, E)
r 3 (? f , B, ? f )
r 3 (?c, ?c, ?c)
r 3 (? j, ?a, ?b)
s3 (?i, ? j)
k 4 (C)
k 4 (?e)
k 4 (E)
l 4 (? j)
l 4 (?h)
m 4 (?e, ? f )
m 4 (?c, ?c)
n4 (? j, ?a)
n4 (D, D)
n4 (E, E)
n4 (?h, ?h)
p4 (?g, ?g, ?h)
p4 (?d, ?d, ?d)
p4 (?b, ?c, ?b)
p4 (?h, ?i, ?i)
p4 (?d, ?d, ?d)
p4 (?a, ?a, ?a)
p4 (?i, ?i, ?i)
p4 (? f , ? f , ? f )
p4 (?c, ?c, ?c)
p4 (C, C, ?b)
q 4 (?b, ?c)
q 4 (?i, ?i)
q 4 (B, B)
r 4 (?g)
s4 (?a)
k 5 (?e)
k 5 (B)
l 5 (?h)
m 5 (?d, ?e)
m 5 (?c, ?c)
m 5 (?b, ?b)
m 5 (? j, ? j)
n5 (?b, ?c)
n5 (? j, ? j)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

p1 (?b, ?c, ?a) ∧ l 2 (?c, ?b) ∧ r 3 (?a, ?b, ?a)
m 0 (D, ? j, ?i) ∧ r 3 (?i, ?i, ? j)
s2 (?h)
l 2 (?g, ? f )
r 2 (?e)
p2 (?b, ?d, ?c)
m 2 (?i) ∧ m 3 (? j, B, ?h) ∧ r 3 (?i, ?a, ?a)
k 2 ( A, A) ∧ q 2 (?g, E, ?g) ∧ m 2 (B) ∧ m 3 ( A, ?g, ?g)
r 0 (? f ) ∧ p2 (B, ? f , B) ∧ l 2 (? f , ? f )
p3 (?d, ?c, ?e) ∧ r 3 (?d, ?d, ?d)
k 2 (?a, ?b) ∧ r 2 (?b) ∧ r 3 (?b, ? j, ? j)
q 2 (?a, ?i, ?a) ∧ s2 (?i) ∧ m 0 (?a, ?b, ? j)
n0 (C, D) ∧ q 3 (E, B) ∧ n3 (E)
k 3 (? f , ? f , ? f ) ∧ n0 (?g, ? f ) ∧ k 4 (?e)
q 3 (?c, ?c) ∧ q 1 ( A, A, ?d) ∧ r 3 (?c, E, ?d)
p3 (?a, ?b, ? j)
m 0 (?i, ?h, ?h) ∧ l 4 (?i)
l 2 (?g, ? f ) ∧ s3 ( A, ?e)
p3 (?d, ?d, ?d) ∧ m 3 (?c, ?c, ?d) ∧ m 4 (?c, ?c)
p3 (? j, ?a, ?a) ∧ n4 (? j, ? j)
k 3 (C, C, E) ∧ q 1 (D, D, D)
l 3 (B, A) ∧ p3 (B, E, A)
k 4 (?i) ∧ m 3 (?h, ?h, ?h)
r 0 (?g) ∧ r 3 (?h, ?g, ?h)
q 3 (?e, ? f ) ∧ n3 (?d)
k 3 (?b, ?b, ?c)
r 3 (?i, ?i, ?h) ∧ p4 (? j, ? j, ?a)
l 4 (?d) ∧ n0 (?d, ?e) ∧ p4 (? f , ?g, ? f )
m 3 (?b, ?c, ?a) ∧ p4 (?a, ?c, ?a)
p3 (? j, ? j, ?i)
k 3 (?g, ?h, ?h) ∧ n4 (? f , ?h) ∧ p1 (?h, ?g, ? f )
q 3 (?d, ?e) ∧ n4 (?e, ?c) ∧ l 3 (?d, ?d)
n3 ( A) ∧ m 3 (?b, C, A)
k 3 (?d, ?d, ?b) ∧ q 2 (?e, ?c, ?b) ∧ m 3 (?e, ? f , ?e)
r 1 (?i) ∧ l 4 (? j) ∧ q 4 (? j, ?a)
k 3 (C, E, B) ∧ l 1 (B, C)
n3 (?g) ∧ q 3 (?h, ?i) ∧ p0 (? j, ?g)
p3 (?b, ?c, ?d) ∧ l 1 (?a, ?c)
s4 (? f ) ∧ r 3 (?g, ?e, ?e)
s4 (E) ∧ n1 (B, B, B)
q 4 (?i, ?i) ∧ k 1 (?h)
r 0 (?d) ∧ p4 (?d, ? f , ?e)
k 4 (?c)
s4 (?b) ∧ m 4 (E, E)
s4 (?a) ∧ r 0 (? j)
q 4 (?d, ?e) ∧ n4 (?b, ?e) ∧ p4 (? f , ? f , ?c) ∧ n5 (? f , ?c)
m 0 (?a, ? j, ?a) ∧ n5 (?a, ? j)
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n5 (?h, ?h)
n5 (?e, ?e)
n5 (D, D)
n5 (B, E)
n5 (?c, ?c)
n5 (?b, ?b)
n5 (?a, ?a)
n5 (?h, ?h)
n5 (D, ?g)
p5 (?e, ?e, ? f )
p5 (?b, ?c, ?c)
p5 (?i, ? j, ?i)
p5 (B, B, B)
q 5 (? j, ?a)
q 5 ( A, A)
q 5 (?i, ?i)
q 5 (?h, ?h)
q 5 (?g, ?g)
r 5 (?c, ?d)
r 5 (?b, ?b)
s5 (?h)
s5 (?e)

←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←
←

EBL*

n4 (?i, ?h)
p0 (?e, ? f ) ∧ m 4 (?g, ?g) ∧ k 5 (D)
p4 (C, D, C)
r 3 (D, B, C) ∧ n4 (B, E)
q 4 (?d, ?c)
r 4 (?b)
s1 (?a) ∧ k 4 (?a)
p4 (?i, ?h, ?h) ∧ s1 (?h) ∧ p4 (B, B, ? j)
k 3 (D, ?g, A) ∧ n4 (?g, D)
s4 (? f ) ∧ l 2 (?e, ?e)
l 2 (?b, ?d) ∧ p5 (?b, ?d, ?b) ∧ m 4 (?d, ?c)
q 4 (? j, ?a) ∧ s1 (?i)
p4 (?g, ?g, ?h) ∧ k 5 (B)
s4 (? j) ∧ m 2 (?a)
r 4 ( A)
l 4 (?i)
q 4 (?h, ?h)
m 4 (?g, ?g)
s4 (?c) ∧ k 0 (B) ∧ n3 (?d)
k 4 (?b)
l 4 (?h) ∧ r 4 (?i)
k 4 (?e) ∧ s3 (?e, ? f ) ∧ l 5 (?g) ∧ s5 (?g)

Problem Set 1, Quasi-Uniform Distribution
n1 (E, E, ?x)
m 5 (D, ?x)
l 0 ( A)
s3 (C, C)
k 2 (?x, D)
l 5 (E)
n4 ( A, E)
q 1 (E, C, E)
s4 (D)
q 4 ( A, E)
m 3 (?x, A, A)
s1 (E)
l 3 ( A, A)
p4 (D, A, A)
k 0 (E)
n2 (E)
s3 (C, C)
r 5 (C, C)
p0 (B, C)
n3 ( A)
k 5 (E)

m 4 (B, ?x)
r 1 ( A)
k 2 ( A, ?x)
m 3 (C, E, C)
n2 (D)
q 0 (C, D)
s5 (D)
m 0 (?x, ?y, E)
q 5 (?x, C)
k 1 (B)
l 0 (C)
k 0 (B)
s4 (C)
n5 ( A, E)
s4 (E)
s5 (C)
k 2 (E, D)
r 1 (E)
s3 ( A, C)
m 3 (?x, ?y, A)
n5 ( A, A)

r 1 (E)
q 2 (?x, D, ?y)
k 3 (?x, ?x, B)
s4 (B)
s3 ( A, D)
m 4 ( A, A)
l 2 (D, D)
k 2 (C, A)
n5 (B, B)
q 3 (?x, B)
n0 (D, ?x)
r 2 (C)
n1 (C, D, D)
m 5 (C, ?x)
s2 (E)
s4 (D)
q 1 (E, A, E)
s1 (D)
s5 (B)
l 1 (E, E)
s1 (B)
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n3 (E)
q 3 (B, D)
s3 (B, B)
n3 ( A)
n2 (D)
r 3 (C, B, C)
r 2 (C)
m 0 (?x, ?y, B)
s5 (D)
p1 (D, ?x, D)
k 5 (B)
r 0 (E)
l 4 (B)
m 0 (?x, E, A)
p1 ( A, B, B)
r 1 (D)
q 5 (E, E)
s3 (D, B)
k 0 (E)
r 4 ( A)
l 2 ( A, B)

l 2 (B, E)
l 3 (E, C)
k 2 (C, B)
p1 (?x, A, ?x)
s3 (?x, B)
n2 (B)
r 0 (B)
m 5 (D, D)
k 5 (E)
k 1 (E)
k 0 (E)
s2 (B)
r 5 (D, D)
s4 (E)
s4 (E)
l 5 (C)
r 4 (B)
n1 (?x, C, ?y)
m 5 (E, A)
k 2 (E, ?x)
r 1 (E)

Segre & Elkan

n1 (?x, D, ?x)
p3 (?x, D, ?y)
q 4 (D, B)
m 2 (D)
q 3 (D, ?x)
k 5 (E)

November 15, 1993

s5 (B)
n5 (C, C)
p4 (?x, C, ?y)
n5 (E, A)
k 4 (C)
q 2 (E, C, ?x)

s1 ( A)
l 4 (E)
r 3 ( A, ?x, D)
s2 (B)
m 0 (D, ?x, D)
s5 (C)

EBL*

l 5 (E)
n4 (?x, A)
p3 (?x, ?y, B)
s1 (C)
m 3 (B, C, B)
n5 (?x, D)

k 2 (B, C)
l 5 (E)
k 5 (E)
l 4 (B)
n5 (C, ?x)
r 4 ( A)

Problem Set 2, Skewed Distribution
l 3 (B, A)
l 3 (B, C)
l 3 (B, B)
m 4 (?x, D)
l 3 (?x, D)
l 2 (C, ?x)
q 0 (D, ?x)
p1 (E, C, E)
l 3 (B, E)
q 1 (D, D, C)
s3 (B, D)
n2 (C)
p4 (?x, C, ?y)
m 1 (C, ?x, C)
l 3 (E, E)
l 3 ( A, ?x)
l 2 ( A, A)
q 0 (D, B)
n2 (B)
p1 (B, ?x, B)
q 1 (?x, C, C)
q 1 (D, D, A)
p4 (?x, ?y, C)
l 3 (E, ?x)
p1 (?x, ?y, D)
q 1 (?x, ?y, E)
l 3 (B, E)

l 2 ( A, A)
l 3 (?x, E)
p4 (E, C, E)
q 1 (B, B, B)
l 3 (C, ?x)
l 2 (B, B)
q 1 (D, ?x, ?y)
l 3 (D, D)
l 3 (?x, C)
l 3 (E, E)
q 1 (?x, B, ?y)
p1 (?x, ?y, D)
s3 (B, A)
q 1 (D, D, C)
m 1 (C, B, C)
q 1 (D, D, D)
m 1 ( A, D, D)
q 1 ( A, C, A)
q 1 (?x, B, ?y)
s3 (B, ?x)
s3 (B, A)
n2 ( A)
l 0 (C)
p4 ( A, ?x, ?y)
n2 (B)
p4 (B, A, A)
l 3 ( A, A)

m 1 ( A, A, ?x)
m 1 (C, ?x, ?x)
q 1 (?x, A, C)
l 3 (C, C)
q 1 ( A, E, ?x)
l 3 ( A, A)
m 4 (E, ?x)
n3 ( A)
n2 ( A)
l 3 (?x, C)
l 3 (?x, D)
l 3 (C, ?x)
m 1 (E, A, A)
m 1 (?x, C, ?x)
p4 (D, E, ?x)
m 1 (E, B, B)
q 1 (E, B, E)
p1 (D, D, A)
q 1 ( A, D, D)
m 1 (?x, B, ?y)
m 1 (D, C, C)
l 3 (?x, C)
l 3 (B, E)
p4 (E, C, E)
l 3 (B, C)
p4 (B, B, C)
q 1 (B, D, B)
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l 3 (B, E)
n2 (D)
l 3 (E, A)
n2 (B)
q 1 (E, A, E)
m 1 (D, ?x, ?y)
m 1 ( A, A, A)
n2 (D)
p3 (?x, ?x, A)
m 1 (?x, ?x, E)
l 3 (?x, D)
l 3 ( A, A)
n2 (C)
l 3 (E, E)
q 1 ( A, B, A)
n2 (E)
m 4 (E, B)
p0 (C, B)
l 3 (C, ?x)
n2 (E)
q 1 (?x, B, ?y)
p3 (B, E, E)
l 3 (E, ?x)
n2 (B)
l 3 (?x, E)
q 0 (?x, D)
q 1 (D, B, B)

k 2 (E, D)
l 3 (B, C)
l 3 (E, B)
l 2 (E, B)
n2 (E)
q 1 (E, E, E)
l 3 (?x, B)
l 3 ( A, ?x)
q 1 (?x, D, ?y)
q 1 ( A, B, A)
q 1 (?x, ?x, D)
l 3 (D, ?x)
q 1 (C, ?x, ?y)
l 3 (E, C)
p1 (B, C, B)
p1 (?x, D, ?x)
q 1 (B, B, B)
m 1 (?x, E, E)
s4 ( A)
l 3 (E, E)
l 3 (E, B)
l 3 (E, B)
m 1 (D, E, E)
p1 (?x, D, D)
p4 (D, ?x, A)
q 1 (B, ?x, ?y)
l 3 (E, A)

